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Abstract. We define a group BrR(S) containing, in a sense, the graded complex and orthog- 
onal Brauer groups of a locally compact groupoid S equipped with an involution. When the 
, involution is trivial, we show that the new group naturally provides a generalization of Donovan- 

Karoubi's graded orthogonal Brauer group GBrO. More generally, it is shown to be a direct 
, summand of the well-known graded complex Brauer goup. In addition, we prove that BrR(S) 

identifies with a direct sum of a Real cohomology group and the abelian group ExtIl(S,§^) of 

■ Real graded §^-central extensions. A cohomological picture is then given. 

Introduction 

■ The idea of working with Z2-graded real C*-algebras [18] as if they were complex ones first 
["t I ■ emerged in Kasparov's founding paper |16] of bivariant if-theory. The trick merely consists 

. of " complexifying^^ a given graded real C*-algebra; that is, considering the complex C*-algebra 

! '■= A C together with the induced Z2-grading. The latter admits the obvious conjugate- 

linear involution a (8>k A i — > a ®m. A. Conversely, it is not hard to check that any Z2-graded 
complex C*-algebra B admitting a conjugate linear involution a is necessarily the complexifica- 
tion of a graded real C*-algebra B^, which identifies with the fixed points of a. It follows that 
" complexification" defines an equivalence from the category of Z2-graded real C*-algebras to the 



> 



■ category of Z2-graded C*-algebras endowed with conjugate- linear involutions (also called Real 

involution or Real structure tl6j). The inverse functor is " realification" ; that is, taking the fixed 
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point set of the involution. In fact, working with the complexified algebra instead of the original 



O ! real one is useful especially when it comes to discuss functional calculus. However, that equiva- 

^ " lence of categories no longer holds when the C*-algebras are acted upon by topological groupoids 

(or even groups [161 §1]) endowed with Real structures [23]. By an action of a Real groupoid (S, p) 
on a Z2-graded C*-algebra A endowed with a Real involution a we mean an action a = (ag)ggg 
of S by *-automorphisms on A [17j such that for all (7 G S,a G ^s{g)^'^p{g){'^{0')) = c''(Q^g(o)), and 
Ug : vls(g) — > ^r{g) is an isomorphism of Z2-graded C*-algebras. The reason of such a failure is 
that an action of 9 on A^ does not extends to an action of (S,/o) on A satisfying the condition 
mentioned above, unless the involution p is trivial. 

In the present paper, we are dealing with stable continuous-trace Z2-graded C*-algebras 
A |20l [27] endowed with Real involution acted upon by a Real groupoid (9,/o)- Forgetting the 
involutions, it is known that [T71 [30] giving such C*-algebras is equivalent to giving Z2-graded 
Dixmier-Douady bundles A over S; that is, a Z2-graded elementary C*-bundle A — > S^^^ 
satisfying Fell's condition, together with a family of Z2-graded *-isomorphisms Og : •As(g) — > 
Ar(^g) such that Ugh = OgOh whenever the product makes sense and = Og-i. The graded 
Brauer group Br(9) [30j of S is defined from Morita equivalence classes of such bundles, or 
equivalently from stable continuous-trace Z2-graded C*-algebras endowed with an action by S- 
If S is a transformation groupoid X xi G, where G is a locally compact group action on X, 
then Br (9) = BrG'(X) is nothing but the equivariant analogue of Parker's [20], and the graded 
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analogue of Crocker-Kumjian-Raeburn- Williams [6j. It is shown in [30] that if S is locally 
compact second-countable and has a Haar system, then 

Note that Br generalizes Donovan-Karoubi's GBrU [8] and Parker's GBr°° . Roughly speaking, 
a graded Dixmier-Douady bundle ^1 G Br(S) is of parity (resp. of parity 1) if it has typical fiber 
K(!K) (resp. ]K(5{) ©IC(5{)), where 'K (resp. IK) is a graded complex separable Hilbert space 
(resp. is a complex separable Hilbert space) [30]. Noticing that ]K(:K) © ]K( J{) = ]fC(IK)(g)C/i, the 
isomorphism above implies that if the base space of S is connected, then Br(9) is a Z2-graded 
group. 

Instead of simply generalizing Donovan-Karoubi's graded orthogonal Brauer group GBrO to 
groupoids, we are going further. More precisely, we discuss a new group BrR, which allows us to 
study graded complex and real Dixmier-Douady bundles simultaneously. We start with a locally 
compact Hausdorff second-countable Real groupoid (9, p) with a Haar system [221 §2], and define 
BrR(S) as the set of Morita equivalence classes of Real graded Dixmier-Douady bundles over 
(9,/o); i.e., graded Dixmier-Douady bundles A endowed with Real structures satisfying some 
relevent relations. We shall note that we introduced in [25] a group BrR* (9) which actually 
is the subgroup of BrR(9) consisting of Real graded Dixmier-Douady bundles (that we called 
-B-fields) that locally look like a graded elementary complex C*-algebra EC endowed with a Real 
involution. We have shown that such bundles are, up to Morita equivalence, of eight types. 
Thus, for Real groupoid 9 with connect base space, BrR* (9) is a Zg-graded group. Roughly 
speaking, BrR*(9) is the subgroup of elements of constant types in BrR(9). In the present paper, 
we discuss both geometric (in terms of groupoid extensions) and cohomological interpretations 
of BrR(9). We show that when the Real structure of 9 is trivial, BrR(9) is a generalization of 
Donovan-Karoubi's graded orthogonal Brauer group. For fixed point free involutions, we show 
that BrR is a direct summand of Br. Our interest in the cohomological classification of Real 
graded Dixmier-Douady bundles is motivated by the study of twisted i^Ti^-theory we present 
in [Sj. 

General plan. In Appendix A, we classify all Real structures on graded elementary complex 
C*-algebras. In Section 1, we give general notions of Real graded Banach bundles on a Real 
space. In Section 2, we define Real graded Dixmier-Douady bundles over a locally compact 
Real groupoid. In Section 3, we define the group BrR(9) for locally compact second-countable 
Hausdorff Real groupoid 9 and present some of its properties. In Section 4, we investigate 
connections between BrR and the already known Brauer groups of topological groupois and 
spaces, mainly with complex and real Brauer groups. In Section 5, we introduce a group InvJ^ 
that is crucial in the cohomological interpretation of BrR(9). In Section 6, we discuss the notion 
pof generalized classifying morphism for Real graded Dixmier-Douady bundles, and then we 
exhibit their construction in Section 7. In Section 8, we prove the first intermediate isomorphism 
theorem establishing an isomorphism between the subgroup BrRo(9) generated by elements 
of "type 0" and the group of isomorphism classes "stable" generalized classifying morphisms. 
Section 9 is devoted to the case of a locally compact Real group. In Section 10, we prove the 
mains isomorphism theorems of the paper. In Section 11, we discuss the case of "ungraded" 
Real Dixmier-Douady bundles, from which we obtain the Real analog of |17j . 
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1. Real fields of graded Banach bundles 

Recall that a Real groupoid is a groupoid 3 s. X endowed with an involution p : 9 — > 9- 
We refer to [23] for details about Real groupoids and their cohomology theory. 

Recall also from Appendix A that a Rg (Real graded) C*-algebra is a Z2-graded complex 
C*-algebra A = (B endowed with a conjugate-linear *- automorphism a : A — A such 
that = 1 and (t(^*) = A\i = 0, 1. 

Definition 1.1 (Compare [9j). Let {X,t) be a locally compact Hausdorff Real space. A con- 
tinuous (resp. upper semi-continuous) Real field of graded Banach spaces A over X consists of 
a family {Ax)x<^x of graded Banach spaces together with a topology on yi = U^gx-^a; 
involution a : A — > A such that : 

(i) the topology on Ax induced from that on A is the norm-topology; 

(ii) the projection p : A — > X is Real, continuous, and open; 

(iii) the map a i — > \\a\\ is continuous (u.s.c) from A to M"*", and ||(T(a)|| = ||a||, Va G A. 

(iv) the map (a, b) i — > a -|- 6 is continuous from A Xx A to A; 

(v) the scalar multiplication (A, a) i — > Xa is continuous from C x yi to ^1; 

(vi) the induced bijection ■ Ax — > •^t{x) is an anti-linear isomorphism of graded Banach 
spaces for every x £ X, i.e. the diagram 

C X A-x ^ ^Ax (i") 

C X At-(^x) ^ ■^r(x) 

commutes, where the horizontal arrows are the action of C on the fibres and the vertical 
ones are the Real involutions (C being endowed with the complex conjugation), and 
aoex = er(a;) ° (^x- 

(vii) if {ui} is a net in A such that ||aj|| — )■ and p{ai) x G X, then Oj Ox, where O^; is 
the zero element in Ax- 

We also say that (^1,0") is a Real graded Banach bundle (resp. u.s.c. bundle) over (X, r). 

Definition 1.2. A Rg Hilbert bundle (resp. u.s.c. bundle) over {X,t) is a Real graded Banach 
bundle (resp. u.s.c. bundle) {A, a) over (X, r) each fibre Ax is a graded Hilbert space with such 
that the fibrewise scalar products verify 

{(Tx{0,(Tx{v)) = 

for every ^, G Ax. 

Definition 1.3. A Rg C* -bundle (resp. u.s.c. C*-bundle) over (X, r) is a Rg Banach bundle 
(resp. u.s.c. Banach bundle) (^1, a) such that each fibre is a graded C*-algebra satisfying the 
following axioms 

(a) the map (a, b) i — > ab is continuous from A xx A to A; 

(b) a{ab) = a{a)a{b) for all (a, b) £ A Xx A] 

(c) for X £ X, ax{a*) = crx{a)* for all a € Ax- 

Homomorphism of Rg u.s.c. Banach bundles and of u.s.c. C*-bundles are defined in an 
obvious way. 
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Example 1.4 (Trivial bundles). If (2t, ~) is any Rg Banach algebra (resp. C*-algebra), then 
the first projection pri : (X x 2t, r x ~) — > {X, r) defines a Rg Banach bundle (resp. C*-bundle) 
with fibre 21. A Real graded Banach bundle (resp. C*-bundle) of this form is called trivial. 
Definition 1.5. A u.s.c. field of graded Banach spaces A — > X (without Real structure) is 
said to be locally trivial if for every x € X, there exists a neighborhood U 3 x such that A\u is 
isomorphic (under a graded isomorphism) to a trivial field U x B, where 5 is a graded Banach 
space. 

Similarly, we talk about locally trivial field of graded Banach algebras, graded Hilbert algebras, 
and graded C*-algebras. 

Unless otherwise stated, all of the graded Banach bundles and C*-bundles we are dealing with 
are assumed locally trivial. 

We shall however point out that the above notion of local triviality is not sufficient in the 
category of Real bundles. Roughly speaking, suppose {X, r) is a Real space and {A, a) — > {X, r) 
is a u.s.c. Real field of graded Banach spaces which is locally trivial in the sense of Definition [T3J 
Then it is not true that there exists a Rg Banach space A such that the Real space A locally 
behaves like A in the sense that there would exists, for all x G X, an open Real neighborhood 
U oi X (i.e. t{U) = U) and and a Real homeomorphism h : p^^iJJ) — > U x A; ov equivalently, 
there would exists a Real open cover {Ui} of X and a trivialization hi : p~^{Ui) — > Ui x A such 
that the following diagram commutes 

p-\Ui) UixA (2) 



-xbar 



p-\Uj}^UjxA 
where as usual we have written "bar" for the Real structure of A. 

Definition 1.6. A Rg Banach bundle (resp. C*-bundle, Hilbert bundle, etc.) A — > X is 
LTCR (locally trivial in the category of Real spaces) if there exists a Rg Banach space (resp. C*- 
algebra, Hilbert space, etc.) A and a Real local trivialization (Ui, hi)i^i such that the diagram ([2]) 
commutes. 

Example 1.7. Let A be a simple separable stably finite unital C*-algebra that is not the 
complexification of any real C*-algebra [21] Corollary 4.1]. Define a continuous Real field of 
(trivially) graded C*-algebras A over the Real space S"'^ = {+1,-1} by setting 

A-i := A, and A+i := A, 

where A is the complex conjugate of A, together with the Real structure a : A — A given by 
the conjugate linear *-isomorphism b : A — > A (the identity map). Then A is not LTCR since 
A^A. 

Definition 1.8. An even (resp. odd) elementary graded C* -bundle A over X is a locally trivial 
field of graded C*-algebras A — > X such that every fibre Ax is isomorphic to %{Hx) (resp. 
X{Hx) © %{Hx)), where Hx (resp. Hx) is a graded Hilbert space (resp. is a Hilbert space). 

Definition 1.9 (Pull-backs). If (^1, a) is a Rg C*-bundle over [X, p) and : [Y, g) — > {X, p) is 
a continuous Real map, then the pull-hack of {A, a) along (p is the Rg C*-bundle {(p*A., f*cr) — > 
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(y, q), where if* A := Y x^y^pA, and ip*a{y, a) := {Q{x),a{a)), y{y, a) € ip*A. Each fibre {ip*A)y 
can be identified with Ay^(^y-j and then inherits the grading of the latter. 

Remark 1.10. For any Rg Banach (resp. C*-) bundle {A, a) — > {X,p), Qo{X,A) is a 
Rg Banach (resp. C*-) algebra with respect to the obvious pointwise operations and norm 
||s|| := sup^gjf the grading and the Real structure are given by e(s)(x) := ex{s{x)) and 

(7{s){x) := ap(^x){s{p{x))). It is straightforward that o api^^) = Idji^^^^ api^,^.) o = Idyi^. In 
particular, for a Real point x (z X, Ax is a Rg Banach (resp. C*-) algebra. 

Note that if p : {A, a) — > {X,p) is a Rg C*-bundle, then Co{X) acts by multiplication on 
Co{X,A). Moreover, this action is Real and graded. Indeed, for / € Qo{x) and s € Qo{X,A), 
we put a{f ■ s){x) := f{p{x))a{s{p{x))) = p{f){x) ■ (j{s){x). Thus, (A, a), where A = Qq{X,A), 
is a Rg Co(-'^)-module. 

If [A, a) is a Rg Banach bundle over {X,p), then a continuous function s : X — > A such 
that p o s = Idx is called a section of A. Note that if s is a section of A, then for any x & X, 
s{p{x)) and a{s{x)) are in the same fibre Ap(^x)- We say that s is Real if s{p{x)) = a{s{x)). The 
collection of sections s for which x i — > ||s(x)|| is in Co(^) is denoted by Co(^, ^). 

Definition 1.11. A Rg Banach bundle p : A — > X has enough sections if given any x X 
and any a G Ax, there is a continuous section s € Qo{X,A) such that s{x) = a. 

Actually the following result ensures that all our Rg Banach bundles have enough sections 
(see [Hi Appendix C] for a detailed proof). 

Theorem 1.12 (Douady - dal Soglio-Herault). Any Banach bundle over a paracompact or 
locally compact space has enough sections. 

Corollary 1.13. Suppose {X,p) is a locally compact Hausdorff Real space. Then, if p : 
{A, a) — > {X, p) is a Rg Banach bundle, Real sections always exist. 

Proof. Let a; G X, a E Ax] then by Theorem 11.121 there exists s G Qq{X,A) such that s{x) = a. 
Since for every x G X, s{x) and Cp(a;)(s(/o(a^))) belong to the Banach algebra Ax, the map 
s := ^(s + o"(s)) is a well-defined section in Qo{X,A) which verifies a{s) = s. □ 

Definition 1.14 (Elementary Rg C*-bundle). A Rg C*-bundle {A, a) — > {X,p) is called 
elementary if each fibre Ax is isomorphic to a graded elementary C*-algebra. 

Definition 1.15. We say that a Rg elementary C*-bundle p : {A, a) — > {X,p) satisfies Fell's 
condition if (and only if) {QQ{X,A),a) is continuous-trace. 

Note that if (^l, a) — > {X, p) is a Rg elementary C*-bundle, the spectrum of {A, a) is naturally 
identified with {X, p) . 

In the sequel, we will write A for Co(Ar, ^l) and if : (Y, g) — > {X,p) is a continuous Real 
map, we write '.p* A for Qq{Y,ip*A). 

Definition 1.16. Suppose that pj\ : {A,aji) — > {X,p) and '■ — ^ i^iP) ^re Rg 
C*-bundles. Then a Rg Banach bundle q : {E,aji) — > {X,p) is called a Rg A-'B-imprimitivity 
bimodule if each fibre £,x is a graded yi-r-Bj^-imprimitivity bimodule such that 

(a) the natural maps (^1 xx £, x (jg) — > (£, ag), (a, ^) — > a-^ and (£ Xx23, erg x aji) — > 
(£, (Tg), (6, ^) I — > b ■ ^ are Real and continuous; 

(b) MxiAxiC^v)) =yip(,)((f^£)x(6.(c^£)a'(??)) and(cTs)^((^,7/)i5j = {{a'B)xiO, i(^E.)x{r]))'B^(^^ 
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If such a Rg yi-S-imprimitivity bimodule exists, we say that {A,aji) and (2,(7^) are Morita 
equivalent. 

Let {A,aji) and (2,(7^) be elementary Rg C*-bundles over {X,p). Then, there is a unique 
elementary Rg C*-bundle A^'B over X x X with fibre Ax<Si'By over {x,y) and such that 

(x,y) I — > f{x)®g{y) is a section for all / G A = Qo{X,A) and g e B = eo(X,S). The 
Real structure is given by {(TA)x^{o''B)y over {x,y). By this construction, the elementary Rg C*- 
bundle (yi®!B, o"yi(8>iTs) satisfies Fell's condition if {A,aji) and {'B,a-s) do, as does its restriction 
{A0x'B,o'A®x(y'B) to the diagonal A = {{x,x) e X x X}. 

Definition 1.17. Let {A,aji) and (2,0-3) be Rg elementary C*-bundles over {X,p). Then, 
their tensor product is defined to be the Rg elementary C*-bundle {A^x'B,o'a^xO''s) over the 
Real space {X,p) which is identified with the diagonal (A,p) of {X x X, p x p). 

2. Rg Dixmier-Douady bundles 

Definition 2.1. Let S s X be a second countable locally compact Hausdorff Real groupoid. 
Let p : A — > X be a locally trivial Rg u.s.c. Banach bundle. A S-action by isomorphisms a 
on yi is a collection (a^j^gg of graded isomorphisms (resp. *-isomorphisms) ag : ^^(p) — > Aj.(^g) 
such that 

(a) g ■ a := ag{a) makes {A, a) into a (left) Real S-space with respect to p; 

(b) the induced anti-linear graded isomorphisms Ax — > A^ verify r^^^) °Cig = Oig°Ts(g) '■ 
•As(g) for every 5 G S; 

(c) agg> = agO a g> for any {g,g') G S^^). 

We say that {A, a) is a Rg u.s.c. Banach S-bundle. If the field A = Ylx-^x — > X is 
continuous, then {A, a) is called a Rg Banach S-bundle. 

One also defines Rg u.s.c. C*-S-bundles, and Rg u.s.c. Hilbert bundles. In the case of C*- 
S-bundles, the isomorphisms ag are required to be *-isomorphisms, while in the case of Hilbert 
S-bundles, they are required to be isometrics. 

Definition 2.2. A morphism of Rg Banach S-bundles (resp. C*-S-bundlcs) {A, a — > ('B,/3) is 
a morphism $ : A — S of Rg Banach bundles (resp. C*-bundles) which is S-equivariant; i.e., 

^r(g) °ag = Pgo for all 5 G S- 

Notice that if {A, a) is Rg Banach S-bundlc, then ax = Idyi^ for all x G X. Indeed, we have 
for every x G X, ax : Ax — > Ax is a graded automorphism, and ax = ax.x = olx ° olx- In 
particular, if we put x = gg~^ G X for ^ G S, we obtain ctgg-i = ag o ag-i = Id and then 
Og-i = a~^ for every 5 G S- 

Definition 2.3. A Rg D-D (Dixmier-Douady) bundle over (S,t) is a Rg C*-S-bundle {A, a) 
such that A — > X is a Rg elementary C*-bundle that satisfies Fell's condition. Denote by 
^^(S) the collection all Rg D-D bundles over S- 

Suppose a is a S-action by isomorphisms on the Rg C*-S-bundle A. Consider the Rg C*- 
algebra A = Qq{X]A). Then a induces a Rg 6o(S)-linear isomorphism a : s*A — > r*A defined 

by a{f){g) := ag{f{g)) for / G s*A and 5 G S- 

Example 2.4. Let XxC be endowed with the Real structure (x, t) := (r(x), t), and the S-action 
by automorphisms g ■ {s{g),t) := (r{g),t). Then with respect to the projection X x C — > X, 
X X C is a Rg D-D bundle over S T X . 
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Example 2.5. Let /i = {ij,^}x£X be a Real Haar system on 3 1 X ■ Let the graded Hilbert 
space = /^(N) /^(N) be equipped with a fixed Real structure of type Jjr^o (see Appendix A). 
For X £ X, we put 'Xp^x '■= L'^{9^)'S>'K, together with the scalar product ((• , given by 

U , V)){x) := / {a9),vi9))cdfiU9), for ^,77 G L^^;^) = L^S^'^Ji. (3) 

Let ifg :=L[2^£X'^^ be equipped with the action (7- (s((7), (/jiXiC) := {r{g), {fog~^)^^) G [K^^g). 
Define the Real structure on "Kg by {x,ip<^^) 1 — > (''"(a^), >/r,o (■?))• Then one shows that 
there exists a unique topology on 5fg such that the canonical projection 5fg — > S defines a 
locally trivial Rg Hilbert S-bundle. 

Now, let %x := OC{Xx) be equipped with the operator norm topology, and put 

JCg := Xx 

together with the Real structure given by {x, T) := (x, T), where T £ %x is defined by T{ip'S'£,) ■= 
T{T{ip)^Adj^fi{S^)) for any (/j^^ G J^s- Next, define the Real 9-action 9 on by 

:= {r{g),gTg-'). 

We then have a Rg D-D bundle (IKg, 9) over S given by the canonical projection 

%S — > X, (x,T) I — > X. 
Let g ^ X and F 5. y be Real groupoids and let 



V 

Y 

be a generalized Real homomorphism. Let p : A — > X is a Rg (u.s.c.) Banach bundle. Then 
5* A = Z Xg^x,pA is a principal (right) 9-space by: 

{z,a) ■ g := {zg,ag^{a)) 

for r{g) = z. It is obviously a Real space with respect to the involution (z, a) := {z,a). Next, 
define A^ to be the quotient space 5*^1/3 together with the induced Real structure 

[z,a] := [{z,a)], 

where we use the notation [z, a] for the orbit of {z, a) in A^ . Consider the continuous surjective 
map r opn : 5* A — > Y, (z, a) 1 — > ^{z), where, as usual, pri denotes the first projection. Since 
x{zg) = x{z) for {z,g) G Z x^^x.r S (see for instance [231 Definition 1.17]), we get a well defined 
continuous surjection : A^ — > Y given by p^([z,a]) := t{z). Furthermore, since r is Real, 
one has 

p^(M) = p^([z, a]) = viz) =^ = p^{[z,a]). 

Thus, p^ : A^ — >Y is a continuous Real surjection. Moreover, it is not hard to check that 
is open and the map a 1 — > [z, a] defines a graded isomorphism from ^1^(2) onto 
^1) (see m P-14]). 
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Proposition 2.6. . Let 3 s X and T > Y he locally compact Real groupoids. Suppose 
that Z : r — > S is a generalized Real homomorphism and that (A, a) is a Rg Banach ^-bundle. 
Then, with the constructions above, : — > Y is a Rg Banach bundle. Furthermore, 

a^[z,a] := ['y - z,a], for x{z) = s{-f), (4) 

defines a Real left T-action on A^ making {A^ ,a^) into a Rg Banach T-bundle called the pull- 
back of {A, a) along Z. 

In particular, if {A, a) G ^r^(g), then {A^,a^) G ^rM(r). 

The proof of this proposition is almost the same as that of [17, Proposition 2.15], so we omit 

it. 

Corollary 2.7. Let 3 > X and T > Y be locally compact Real groupoids. Suppose 

that Z : S — > T is a Real Morita equivalence. Then the map given 
by 

^^{A,a) := {A^,a^) (5) 

is a bijection. 

We close this section by recalling a construction we will use in the sequel. 
Definition 2.8. (cf. [HI p. 20]). Let {A,a) be a Rg (u.s.c.) Banach g-bundle. Define the 
conjugate bundle {A, a) of {A, a) as follows. Let A be the topological Real space A and let 
b : A — > A be the identity map. Then p : A — > X defined by p{\){a)) = b{p{a)) is a Rg (u.s.c.) 
Banach bundle with fibre Ax identified with the conjugate graded Banach algebra of Ax (the 
grading is Ax = Ax,i = 0, 1). Furthermore, endowed with the Real 9-action by automorphisms 
ag{\){a)) := \){ag{a)) for g G 9,a G ■As(g), A — > X becomes a Rg (u.s.c.) Banach S-bundle. If 
{A,a) G ^r^(g), then {A,a) G ^r^(g). 

3. The group BRR(g) 

In this section we define the Brauer group of a locally compact second-countable Hausdorff 
Real groupoid g I X with a Real Haar system (see p3j). 

Definition 3.1. Let g 1 X be second-countable locally compact Hausdorff Real groupoid. 

Two element (^1, a) and (S, /3) of 5Sr9^(g) are Morita equivalent if there is a Rg ^l-S-imprimitivity 
bimodule X — > X which admits a Real g-action V by isomorphisms such that 

A,^,){Vg{^),Vg{r,)) = ag(^^(^,(e,r/));and 
{V9iO,Vg{v)h^^^,= f^M^vhsJ 

for all 5 G g, and CiV ^ -^sig)- 

In this case we write {A, a) ~(x,v) (^i/^)- 

Example 3.2. Suppose that <5 : {A, a) — > (23, /3) is an isomorphism of Rg D-D bundles over 
g . Then {A,a) (S,/3). 

Lemma 3.3. Morita equivalence of Rg DD-bundles over g s. X is an equivalence relation 
in «rM(g). 

Proof. The proof can almost be copied from that of Lemma 3.2 in [17] , □ 
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Definition 3.4. Let S s X be a second countable locally compact Hausdorff Real groupoid. 

The Real graded Brauer group of S BrR(S) is defined as the set of Morita equivalence classes of 
Kg D-D bundles over 9- The class of (^1, a) in BrR(9) is denoted by [A, a]. 

Example 3.5. Let 9 consist of the point {*} together with the trivial involution. Then, every 
Rg DD-bundle over {*} is trivial; i.e. it is given by a Rg elementary C*-algebra %p. We thus 
recover the Real graded Brauer group of the point BrR(*) ^ described in El 

Let {A, a) and (23, /3) be Rg DD-bundles. We have already defined the tensor product A^x"^ 
which is a Rg C*-bundle over X. We want to equip this tensor product with a Real 9-action 
a®j3 such that {A®x'^,a®j3) € ^rlH(9)- We define a(8)/3 as follows. For ah 5 G 9, we put 
ag®f3g : As(^g)§)'Bg(^g-^ — > Ar(^g)^'B^(^g^, a<Sib 1 — > ag{a)'S>/3g{b). Note that from the definition 
of a Real 9-action on a Rg (7*-bundle, ag^jig is a graded *-isomorphism that clearly verifies 
conditions (b) and (c) of Definition [2?TJ Therefore, the same arguments used in [171 p. 18] can be 
used here to show that a®l3 is continuous; thus, its restriction a®/? on the closed subset A^x"^ 
of A®'B defines a Real 9-action. Furthermore, it can be shown that this operation is Morita 
equivalence preserving ( [T71 p. 19]). 

Proposition 3.6. Let 9 > X he a locally compact Real groupoid such that X is paracom- 
pact. Then i?rR(9) is an abelian group with respect to the operations 

[A, a] + [S,/3] := [A^x'B,a^^]. (7) 

The identity of 5rR(9) is given by the class := [X x C, r x bar] of the Rg D-D bundle defined 
in Example \2.4\ The inverse of [A, a] is [A, a]. 

Proof. See Proposition 3.6 and Theorem 3.7 in [T7]. □ 

For the sake of simplicity we will often use the following notations. 
Notations 3.7. We will write A for the class [A, a] in 5rR(9); we will also leave out the 
actions when we are working in the group BrR{9): for instance we will write A-\- "B instead of 
[A,a] + ['B,(3]. 

Lemma 3.8. Let {A, a) € 5Sr*H(9) and let (^Kg, 6*) be the Rg D-D bundle defined in Example \2.5l 
Then A + %c,=A in BrR{9). 

Proof. Recall that the Real 9-action 9 is given by AdQ, where Q is the Real 9-action on the Rg 
Hilbert 9-bundle ^Cg — >X (see Example [23]) ; i.e. OgiT) = QgTeg^. The Rg Banach 9-bundle 
{AiSix-A, a(8>0) is easily checked to be a Morita equivalence 

{A(gix^s,a®6) ~ {A, a) 

in *BrlH(9) with respect to the pointwise actions and inner-products operations: 

(aOT) • (6(8)0 



(600 • c 
(600 dQ7])A^ 



-if^-^^abQT^, and 



(-lf(ddf^d*QT^,r,; 
6c0O and 

U,v))ix)-b*d, 



for X e X, aQT € Ax<S>%x, ^00 dQrj G A^^^x, and c G A^. □ 
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Lemma 3.9. Let 3 l X be a locally compact Hausdorff Real groupoid with paracompact 

base space, and let {A, a) € !BrlH(9)- Then A = in BrR{S) if and only if there exists a Rg 
Hilbert Q-bundle {J^,U) such that {A, a) ^ {X{jr),Adu) in ^r^(g). 

Proof. If (X, V) is a Morita equivalence between (^1, a) and the trivial bundle X x C, then each 
fibre Xx is a graded Hilbert space; and since is a full graded Hilbert yia;-module and since X 
is a Real Morita equivalence, there is an isomorphism of graded C*-algebras (fx ■ Ax — > 'X{Xx) 
such that Vx{Ax{C,ii)) = ^^r?; for all G X^^, and (fxia) = (px{a) for all a G Ax- Moreover, in 
view of relations (0), we have 

<^r(g)(ag(yi,(^)(^,r?))) = fr{g){A,^,-,{Vg{0,V9{v))) = Tv,^,v,v = Adv,m,n), 

for every 7 G S and (,,rj £ Ag(^gy It follows that the family {(px)xex is an isomorphism of Real 
graded D-D bundles (p : {A,a) — > {%{X),Adv). 

Conversely, using the same operations as in the proof of Lemma 13.81 the Rg Hilbert 9-bundle 
(^, U) defines a Morita equivalence of Rg D-D bundles between {'K{M'),Adu) and the trivial 
one X X C — > X. □ 

From this lemma we deduce the following characterization of Morita equivalent Rg D-D 
bundles. 

Corollary 3.10. Let {A, a) and (S, 13) G ^rM(g). Then A = 'B in 5rR(g) if and only if there 
exists a Rg Hilbert ^-bundle {J^,U) such that {A^x^,a(S)P) = {%{M'),Adu) in ^r^(g). 

4. Complex and orthogonal Brauer groups 

The purpose of this section is to compare the group BrR(g) of a Real groupoid g I X we 
defined in the previous section with the well-known graded complex and Brauer group Br(g) of 
the groupoid g (see [20] j [S], [3D], and [TO]), as well as with a generalization of Donovan-Karoubi's 
graded orthogonal Brauer group BrO(X) |8] mentioned in the introduction. 

Recall [30] that the graded complex Brauer group Br(g) is defined as the set of Morita equiv- 
alence classes of graded complex D-D bundles over the groupoid g. Moreover, there is an 
interpretation of Br(g) in terms of Cech cohomology classes; more precisely, there is an isomor- 
phism 

B^(g) ^ FO(g., Z2) e {h\^„ 12) k ^^(g,, §1)) . (8) 

For topological spaces, this group was denoted by GBr°°(X) in Parker's paper [2^. 

In order to define twisted K-theory, Donovan and Karoubi defined in their founding paper [S] 
two groups GBrU(X) and GBrO(X) respectively called the graded unitary Brauer group and 
the graded orthogonal Brauer group of the sapce X. The former is just the finite-dimensional 
version of GBr°°(X), while the latter is the set of equivalence classes of graded real simple algebra 
bundles. They proved that 

GBrOX ^ H^{X, Zg) {hHX, Z2) x H\X, Z2)) . (9) 

We will define an infinite-dimensional analog of GBrO(X) for groupoids, and show later an 
isomorphism analogous to ([9]). 



Elements of Br(S) are defined in the same way as that of BrR(g) except that no Real structures are involved 
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Proposition 4.1. Suppose that 9 s. X is a Real groupoid which can be written as the 
disjoint union of two locally compact groupoids Si 5. Xi and S2 5. X2 such thatr^gi) € 
92,T{g2) G Si,V5ri G Si,g2 G 92- Then 

Proof. Observe first that r induces an isomorphism 9i — 92; so that Br(9i) — Br(92)- 

Let {A, a) G ^r^(9). Then A = Ai ® A2, where Ai — > Xi and A2 — > X2 are graded 
complex elementary C*-bundles. It is straightforward that the graded action a of induces a 
9j-action Oj on Tlj, i = 1, 2, making {Ai, ai) into a graded complex D-D bundle over 9j- However, 
since the projection p : A ^ Xi UX2 intertwines the Real structure of A and that of X, we have 
«! G A2 and 02 G Ai for all oi G yii,a2 G ^12- Indeed, over all x G Xi, the involution induces 
the conjugate linear isomorphism 

It turns out that the Real structure of A induces an isomorphism of graded complex D-D bundles 

r : (^12,02) ^ (^i,aT) 

over the groupoid 92- In fact [A, a) is isomorphic to the Rg D-D bundle [A! ,cJ) = {T*A,T*a); 
i.e. {A', a') is such that 



^'x 


= {A2)x, 






if X G Xi 


•^x 


= {Ai)x, 






if X G X2 




= ttg^ : (^2)5(91) - 


-^{A2 




91 e 9i; 


a' 


= Olg2 ■ {■Al)s{g2) ~ 




)r{g2)' 


92 G 92- 



(10) 



Note that the same is true for every Rg Banach bundle over 9- Define the map 

$12: Ml(9) Bi(9i) 
[A, a] I — > [Ai,ai], 

$12 is well-defined since if {A, a) ~(x,y) C^iP) in 5Sr9^(9), then the restriction (Xi,Vi) 
of {X,V) over 9i induces a Morita equivalence of graded complex D-D bundles {Ai,ai) ~ 
(!Bi,/3i) over 9i- Moreover from the identifications ([TO]) we see that <^i2(— [^,a]) = — ^>([/1,q]). 
Furthermore, we have clearly {A'S'x'^)i = AiiS)Xi'^i for i = 1,2, and that the involution induces 
an isomorphism of graded complex D-D bundles .A2'X'X2^2 Ai'^Xi'^i = Ai<^x2'^i over 
92 5. X2 , which shows $12 is a group homomorphism. 

Conversely, if (^li, ai) is a graded complex D-D bundle over 9i, we define the Real graded D-D 
bundle over 9 by setting A := Ai ® t*^^Ai, and a := ai ® T*^_^ai; then we define 

$'12: B?(9i) Brfi(g_) 

[Ai,ai] ^ [Ai e T*^^Ai,ai ® r*^ai]. 

It is clear that $12 and ^[2 are inverse of each other. □ 
Corollary 4.2. Let 9 & X be a locally compact Hausdorff groupoid with paracompact unit 

space. Let the product groupoid 9 x S°'^ I X x S'^'^ be equipped with the Real structure 

{g,±l)^{g,Tl)- Then ^ 

BrR{3 X S°'^) ^ Br{S). 



Proof Apply Proposition O to 9 = (9 x {+!}) U (9 x {-!}). 



□ 
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Example 4.3. The groupoid S*''^ I S^'^ identifies with {pt} x {±1}. Thus from Corol- 
lary [32] we get 

I^R(S°'^) ^ Br{{pt}) ^ Za. 

Definition 4.4. Let 3 g X be a locally compact groupoid. A graded real @ D-D bundle 
{A, a) over S consists of a locally trivial C*-bundle p : A — > X, a family of isomorphisms of 
graded M-C*-algebras Og : A^^g) — > •^r(g)i such that 

(a) the operation g ■ a := ag{a) makes A into a S-space with respect to the projection p; 

(b) Ogh = OLgO ah,y{g,h) e S^^^; 

(c) the complexification {Ac,ac) of {A, a) defines an element of the collection Sr(S) of 
graded complex D-D bundles over 9, where Ac := A (8)r C — > X is the bundle with 
fibre {Ac)x ■= A^ (8)r C, and for 5 G 9, (ac)g ■= a (g) Idc- 

Definition 4.5. Let 9 g X be a locally compact groupoid. The graded orthogonal Brauer 

group BrO{9) of 9 is defined to be the set or Morita equivalence classes of graded real D-D 
bundles over 9, where two such bundles {A, a) and (23,/3) are said to be Morita equivalent if 
and only if their complexifications {Ac, etc) and (Sc,/3c) are Morita equivalent in Q3r(9). 

We will use the same notations in Br(9) and BrO(9) as in Notations 13.71 
Theorem 4.6. Let 9 5. X be a locally compact Hausdorff Real groupoid with X paracom- 
pact. 

(1) // the Real structure r is fixed point free, then we have an isomorphism 

Br{9) (8) Z[V2] ^ (5rR(9) Br{9/r)) ^ (H) 

where % I T is the groupoid 9 /r ^ X/^ obtained from 9 > X by identifying every 

point 5 G 9 with its image by r. 

(2) It T is trivial, then every element A E 5rR(9) is a 2-torsion; i.e. 

2A = 0. 

Furthermore, BrR{S) — BrO(9). In particular, BrO{S) is an abelian group under the obvious 
operations, zero element being given by the trivial bundle X x M — X with the 9 -action 
g-{s{g),t) := {r{g),t). 

We shall mention that roperty 2 was already proved by D. Saltman in the special case of 
Azumaya algebras with involution (see [281 Theorem 4.4 (a)]). Our result extends this to infinite- 
dimensional Real bundles of algebras. 

To prove Theorem 14.61 we need the 
Lemma 4.7. Let (9,t) be a locally compact Hausdorff Real groupoid with paracompact base 
space. Then the assignment (A, a) 1 — > {t*A, T*a) defines an involution on the group 

f: Br{9) Br{9) 
A ^ -T*A 

such that the Real part Br{9)T is isomorphic to 5rR(9) after tensoring with Q; more precisely, 

Br{9)r(^Z[^]^BrR{5)^Z[^]. 



'Here "real" with a lowercase "r" is to emphasize that the fibers of A are R-C*-algebras. 
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Proof. That f is a group homomorphism follows from the functorial property of the abelian 
B^(S) ( dZl). Now let 

be the map consisting of "forgetting the Real structures", and let 

^r: Br{5) Brfl(g) 
A I — > A + f{A) 

That $c is a well-defined group homomorphism is clear. 

To prove that is well defined, we shall first verify that (A(§ixt*A, a0T*a) € !Br9^(9) for 
all {A, a) G 5Sr(9)- Let a = {ax)x be the family of conjugate- linear isomorphisms of graded 
complex C*-algebras ax ■ Ax^Ax — > Ax'^Ax given on homogeneous tensors by 

axiaem) ■■= (-l)^"^'(60b(a)). (12) 

Then cr is a Real structure on the bundle A^xt*A — > X, and it is a matter of simple verifi- 
cations to see that conditions (a)-(c) in Definition 12.11 are satisfied when {A^x'T*A,a^T*a) is 
equipped with the involution a. 

Suppose now that {A, a) ^(a,v) (^j/^) in 'Sr(S). By using the same reasoning as the one 
we used above for graded complex D-D bundle, one verifies that the graded complex Banach 
S-bundle {X^xt*'X, V^t*V) admits a Real structure making it into a Rg Banach S-bundle. 
Note that this bundle implements a Morita equivalence {A(^xt*A, ac|ir*a) ~ {'B(^xt*'^, f3^T*(3) 
in 5Sr(9)- Moreover, since by definition 

for every x & X,^, r], rj' G Xx, then we see that the inner products •) and (•, ■)s®jf7^ 

of X(^x'T*'^ intertwine the Real structures; hence we have a Morita equivalence 

(yi0x^,«0^) -(x^^T^x,!/®?^) (:B®x^,/30^) 

in 5SrlH(g), so that is weh defined. 

$R is a group homomorphism since Br(S) is an abelian group and since f is linear; i.e. for 
every A,'B e B^(S), 

{A + f{A)) + (S + f(S)) = (yi + S) + f{A + S). 

Let us verify that up to inverting 2, <1>^ and $c are inverse of each other, where <1>^ is 
the restriction of ^r on the fixed points Br(S)R of f. First observe that if {A, a) € 5Sr9^(S), 
then the Real structure of ^1 induces an isomorphism {A, a) = {T*A,T*a) in !Br(9)- Thus, for 
A € B^R(g), we get {<^r o ^>c)(^) = 2A. Suppose now that A € Bt{S)r. Then ($c ° ^r)(.A) = 
$c(2^) = 2^1, which completes the proof. □ 
Remark 4.8. It is straightforward, by using Lemma [4. 71 that one has a similar characterization 
for graded complex D-D bundles as that of Corollarv 13.101 

Proof of Theorem \4-6\ 1. It suffices to show that the imaginary part 'Br(g) with respect to the 
involution f : Br(g) — > Br(g) of Lemma 14.71 is isomorphic to Br(9/T) (afer inverting 2), and 
then we will apply |23[ Lemma 1.4]. 

Assume {A, a) G ®r^(g) is such that f{A) = -A. Then thanks to Corollary KM there 
exists a Rg Hilbert g-bundle U) and an isomorphism of Rg D-D bundles 

{T*A®x^i'^),T^'S)Adu) ^ {A^x^{J^),a^Adu). (13) 
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We then obtain a Rg D-D bundle (A/t, a'^) over 3/r 5. X/r by setting 

A/r := A®x^i'^)®x'3C{T*J&), and := a®Adu®Adr*u), (14) 
with projection p,- : A/r — > X/r given by 

Pr{aQTQT') = p{a), for qQTQT' G Aa:^X{ji,)^X{J^si)- 
Next define the map 

A, I ^ A- / r • 

This definition does not depend on the choice of {J^, U), for if (^', f/') is another Rg Hilbert 
g-bundle such that {T*A(^xX.{J^'),T*a^Adu') = iA(S)xX.{J^'), a^Adw), then putting 

A'/r := A0xX{M")^xX{t*J&'), 

we get 

A/r^X/r^^ - A®xA®x^'X{^®XT*^®X^'®XT*^') 
^ %{.J^^X'^^XT*.^^X'^'^XT*.J^'). 

Moreover, XiJ^^x-^^xr* ^®X'^'®xt*J^' defines a graded Hilbert g/^-bundle. Hence, by 
Corollary [XTU] and Remark l4.8l we see that A/r = A'/r in Br(g/^). ^r is a group homomorphism 
by commutativity of the graded tensor product. 

Conversely, denote by vr,- : g — > g /r the canonical projection. Then the pull-back of a graded 
complex D-D bundle (^l, a) G *Br(g/T-) is a graded complex D-D bundle {A' , a') := {7r*A, 7r*a) G 
'Br(g) which clearly verifies {T*A',T*a') = {A', a') in ?Bt(g) (this is because for all x G X we 
have A'^ = A'^); so f{A') = —A' and A' G "'Br(g). Thus the pull-back map vr* induces a group 
homomorphism 

<: B^(g/,) 'Bt{9) 

A ^ A' := TT*A. 

Now, for ah A G Br(g/T-) we have {7r*A)/r = A since T*Tr*A = tt*A and so that a graded Hilbert 
g-bundle such that relation (fT3|) holds for the graded complex D-D bundle ('/r*^!, 7r*a) is 
the trivial one X x C — > X. This shows that ^r o vr* = Id. Also, one clearly has vr* o ^>r = 
Id, which gives the isomorphism •'Br(g) = Br(g/T-). From Lemma 14.7^ we obtain the desired 
isomorphism (jlip . 

2. We always have yi ^ = in BrR(g) for ah {A, a) G *Br9^(g). Moreover, we have 
already seen in the end of the proof of Lemma 14.71 that the Real structure of A induces an 
isomorphism of Rg D-D bundles {A, a) = {T*A,T*a). In particular, if r : g — > g is trivial, we 
have {A, a) ^ (A, a); hence = -71 in B^R(g). 

Furthermore, r being trivial, each fibre of A is in fact a Rg elementary C*-algebra, and then 
the complexification of a graded real elementary C*-algebra. {A, a) is then the complexification 
of a graded real D-D bundle over g. Conversely, every complexification {Ac,ac) of a graded 
real D-D bundle (A, a) over g is a Rg D-D bundle whose Real structure is carried out by C; i.e. 
a A := a (8)ir A for a (>^^ A G Ax C. This process is easily seen to provide an isomorphism 
Brfl(g) ^ B^O(g). □ 

Observe that any Rg D-D bundle {A, a) can also be considered as a graded real D-D bundle 
{Areah cereal) by forgetting the complex structure of the fibers. Moreover, the conjugate bundle 
of real C*-algebras (AreahCtreai) identifies to itself. Hence, if the involution r of g is fixed point 
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free, we have T*Areai = T*Areai — -A-reah which means that (Areal > Oireal ) is a bundle of graded 
real elementary C*-algebras over the quotient groupoid g j X/r . We therefore have the 

Proposition 4.9. Suppose 9 > X is endowed with a fixed point free involution t. Then 
there is a group homomorphism 

obtained by "forgetting the complex structures" of Rg graded D-D bundles over S- 

Remark 4.10. Beware that *reai is not injective; indeed ^^eaK-^) = '^reai{A) for all A € 
B^R(g), while in general A ^ A in B^R(g). 

5. Elementary involutive triples and types of Rg D-D bundles 

In this section we define the type of a Rg D-D bundle over a Real groupoid. We start by 
introducing some notions. 

Definition 5.1. An elementary involutive triple (K,'K~,t) consists of a graded elementary C*- 
algebra IK, a graded C*-algebra K" isomorphic to the conjugate C*-algebra of K, and a conjugate 
linear isomorphism t : K — > K~ of graded C*-algebra. Such triple will be represented by the 
map t. Denote by the collection of all elementary involutive triples. 

A morphism from t to t' is the data of homomorphisms of graded C*-algebras (p : K — > K', 
and ip~ : K~ — > such that the following diagram commutes 

K — ^ t.' (15) 

.,t ,,t' 
K- K'- 

Finally, we define the sum in by: 

t-l-t' := (]K(g)K',K"(8)]K'",t(g)t'). 

Example 5.2. The Real structure "bar" of %o induces an isomorphism of %o into its conjugate 
algebra. We then have an elementary involutive triple to = {%o,Xo, bar). 

Definition and Lemma 5.3. Two elements t,t' £ R are said to be stably isomorphic if and 
only if t -I- to is isomorphic to t'-|-to; in this case, we write t =5 t'. The set of stable isomorphism 
classes of elements of h forms an abelian group Inv.^ under the sum defined above. The inverse 
of t in Inv.^ is the stable isomorphisms class of 

-t := (]K-,]K,t-^). 

The class of t in Inv.^ will also be denoted by t. 

Proof. It is straightforward that t + 1' = t' -|- t in Inv.^. Moreover, we have 

t-t = (]K(8)]K~,]K~(8)]K,t(8>t~^) = (]K(g)]K~,]K(2)]K~,t'), 

via the isomorphism (Idj|jg,^_ , (/?'), where ip' : — > ]tCc|)IC~ is the canonical isomorphism 
<p'{T®T') := (-l)^™'^'r'®r, and t' := ^' o (t^t-^). Thus, t - t to. □ 
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We can recover the group BrR(*) from Inv^. More precisely, suppose t = — t, and 

{if, if') : {t.®%Q,tr®%Q,mhar) — > {K- ®%Q,t.®%o,t-^®bar) 

is an isomorphism. Then, Lp' o (t^bar) = {t'^^i^har) o is a Real structure on the graded 
elementary C*-algebra ]K(8)3C(!K). Moreover, if (^jqjV^o) is another isomorphism, it is easy to 
check that ip' o(t®bar) and ip'^oit^bar) are conjugate, hence define the same element of BrR(*). 
Conversely, any Real graded elementary C*-algebra is obviously a 2-torsion of Inv.^. We then 
have proved the following 

Lemma 5.4. The group BrYv{*) is isomorphic to the subgroup of \nyh of elements of order 2. 

Now let us return to the study of Rg D-D bundles over Real groupoids. 
Proposition 5.5. Let {A, a) G QSr9^(9)- Then each fiber gives rise to an element t'^ E Invil, 
and the family t'^ := (t;^)a,gx defines a cohomology class in HR^{S,, Inv.^). This process defines 
a group homomorphism 

t : ^ HR\9.,\r^vk), 

which is surjective. 

Proof. Denote by r the Real structure of A. Over all x E X, there is a conjugate linear 
isomorphism of graded C*-algebras : Ax — > Ax- Then the graded elementary (complex) 
C*-algebras Ax and Ax are of the same parity. Let (U, ip) be a local trivialization of the graded 
elementary complex C*-bundle A such that U = (Ui) is a Real open cover of X. Then the 
isomorphisms fi : Ui x Kj — > ^\Ui induces a family of graded isomorphisms (fx '■ ^x — >■ Ax- 
Then t^; := (Kxj^x^tx), where tx := ^Px ° Tx o (fix, is an element of InvJ^, and the assignment 
X 3 X I — > tx E Inv.^ is a locally constant S-invariant Real function. Indeed, the 9-invariance 
(i.e. tr(g) = tj,(g) in InvJ^ for all 5 E 9) comes from the commutative diagram 



Ma) 



^s{9) ^ -^sig) ^ -^g " ^r{g) 

Moreover, since r is a continuous function, t'^ : X 9 x 1 — > tx E Invi^ is locally constant. Hence 
E HW{9„\nyk). 

That t'^ = — t'^ and t'^"^-^ = t'^ + 1-^ is clear from the definition of the sum and the inverse in 
Inv.^, and from the definition of the conjugate bundle and the tensor product of Rg D-D bundles. 
Observe that from the construction of ^Cg, t*^s = to = since %c, = Wxex '^{L'^i^'')) with 
involution given by 9 (/9 (g) T 1 — > T{ip) (g) Adj,^^^{T) E Xx- Thus, if = in BrR(g), 
we have (thanks to Lemma 13.81 and Lemma I3.10|) A + ^ + JCg = 'K{'K^®X'^) = 0; hence 
t'^"-^ = t'^ — t-^ = 0, which shows that t : BrR(g) — > HR^{Q,, Invil) is group homomorphism. 
It is surjective since for all t E HR^{5,, Invii), 

3Cg,t := ]J X.^it., (16) 

equipped with the obvious involution and 9-action, defines a Rg D-D bundle over 9- D 

Definition 5.6. For {A, a) E !Br9^(9), the element t"^ of Proposition 15.51 is called the type of 
{A, a). The homomorphism t : BrR(9) — > HR^{9», \nvk) is called the type map. 
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Definition 5.7. A Rg D-D bundle {A, a) is said to be of type i mod 8 if t'^ is the constant 
function t'^ = i € Zg C Invil. By BrRj(S) we denote the set of Morita equivalence classes of Rg 
D-D bundles of type i mod 8 over S ^ X . Next, we define 

7 

Brfl*(S) :=0Brfl,(g). 

Example 5.8. Let IK be, as usual, equipped with the Real structure Jk- Then %q — > ■ is a 
Rg D-D bundle of type over PU(^C) ^ • , where the Real PU(3f)-action is given by Ad; 
i.e. [u] ■ T := Adu{T), for [u] G PU(^C) ^ AutW(3^o),T G 3^o- 

We have the following easy result which shows that the study of BrR(9) reduces to that of 
Rg D-D bundles of type 0. 

Proposition 5.9. Let 9 g X be as usual. Then 5rRo(S) is a subgroup of BrR{S). Fur- 
thermore, the sequences of groups 

O^B^o{5)^BrR{5)-^HR\9.,\nyk)^0 (17) 

O^BrRo{9)^B^*{9)-^HR\9.,Z8)^0, (18) 

where lq is the inclusion homomorphism, are split-exact. Therefore, we have two isomorphisms 
of abelian groups 

BrR{9) = HR\9.,\r^vk)(BB^oi9), and BrR,{9) = HR^{9.,^s) ® BrRo{9). 

Proof. We only prove the first sequence, from which we deduce the second one. It is clear 
that t o iQ = and lq is an injective homomorphism. We also proved in Proposition 15.51 
that t was surjective. To show the sequence splits, we only have to verify that the corre- 
spondence t I — > 3Cg t, where Xg^t — ^ ^ is the Rg D-D bundle given by (fT6]) defines a group 
homomorphism ^i?'^(S,, Inv.^) — > BrR(9). This is immediate from construction: we have 
OC^ ^^^i = 3Cg t'S'Jf 3^g,t'i and a routine verification shows that any isomorphism t -|- to = t' + to 
induces an isomorphism of Rg D-D bundles IKg t+to — 3^g,t'+to so that 3Cg t = 3<!g_t' in BrR(9) 
if t t'. Also from the definition of — t, we have 3Cg,-t = '^s,t — ~^S,t- Finally it is obvious 
that 3<^g t is of type t. □ 

6. Generalized classifying morphisms 

In this section we are restricting ourselves to the class of Rg D-D bundle {3CQ,Ad) of type 
over the Real groupoid PU(!K) j • , where PU(i{) is equipped with the compact-open 
topology and the usual involution induced by the degree Real structure Jo,r on "K. 

Definition 6.1. Let {A, a) G !BrlH(9) of type 0. A generalized classifying morphism for {A, a) 
is a generalized Real homomorphism P : S — > PU(^C) such that {A, a) = (JCq, Ad^) as Rg 
D-D bundles. 

Remark 6.2. Note that %q = P Xf^^r^^ 3Co := P x 3Co/~) where the equivalence relation is 

{f,T) ~ {(f ■ [u], [u~^] ■ T) for [u] G PU(?f). The Real S-action by automorphisms is given by 
the Real (left) 9-action on P. 
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Before going on the study of generalized classifying morphisms, we shall say something about 
generalized Real homomorphisms S — > PU(IK). First of all, recall from [231 Remark 2.50] that 
although the Real group PU(5{) is not abelian, it still is possible to define Real PU(!K)-valued 
Cech 1-cocycles over any Real groupoid S, hence form the set -ffi?^(S», PU(^C)), and we have a 
set-theoretic bijection between HR^{S,,P\J{'K)) and HomfFt0(S, PU(ji)). 

What's more, when identified with HomfH(Sf2(S, PU(J€)), the set Homff{(jj(S, PU(!K)) admits 
the structure of abelian monoid defined as follows. Fix an isomorphism 

^C0^C ^ Of 

of Rg Hilbert spaces. Then the map 

PU(^C) X PU(^C) 3 {[ui], [u2]) ^ [ui^ui] G PU(:K(g)^C) ^ PU(^C) 
is a Real a homeomorphism, where the unitary ui^U2 is given on 'K^'K by 

(txi®n2)(ei®6) := (-l)^"'-^"^^^i(ei)^^^2(6)- 

Given pi,p2 G Hom<H0j^(9, PU(IK)), we may, without loss of generality, assume they are rep- 
resented on the same open Real cover U of X; i.e. pi,P2 ■ — > PU(IK) are strict Real 
morphisms. Henceforth, the map 

Pi^P2: 9[U]^ PU(^) (19) 
71 — Pi{'y)<S>P2{i) 

becomes a well defined strict Real homomorphism. Therefore we have: 

Definition and Lemma 6.3. For [Pi], [P2] G Hom(>f25(g, PU(!K)). We define the sum 

[Pl] + [P2] ■■= [P10P2], 

where Pi P2 is the generalized homomorphism from 9 5. X to PU(IK) 5. • obtained 

by composing the corresponding morphism pi®p2 € Hom«H0j^(S, PU(CK)) with the generalized 
Real morphism induced by a canonical Morita equivalence S ~ Then Homf>^(g(S, PU(!H)) 

is an abelian monoid with respect to this operation. 

Remark 6.4. The same reasoning applies to the Real group U'^(!K): the operation of tensor 
product of cocycles makes the set Hom9^e(9, U'^(IK)) = HE}{^,,\]^{'K)) into an abelian monoid. 
Similarly the corresponding operation in Homrf(0(g, U''(jf)) is denoted additively. 

We list some simple properties for generalized classifying morphisms. 
Proposition 6.5. If Pi and P2 are generalized classifying morphisms for {Ai, ai) and {A2, 0:2), 
respectively, then Pi ® P2 is a generalized classifying morphism for the Rg tensor product 
{Ai^xA2, ai®a2)- 

Proof. Up to considering the pull-back oi Ai,i = 1,2 along the canonical Real inclusion S[1[] ^ 
9, we can suppose that the (Aj, ai) are Rg D-D bundles over the Real cover groupoid where 
U is an open Real cover such that the morphisms pi G Homrffgj^ (9, PU(!K)) corresponding to Pi 
are represented. The isomorphisms {Ai, ai) = {Xq\ Ad^') mean that the pull-back {p*%o,plAd) 
is isomorphic to {Ai, ai),i = 1, 2. We thus have reduced the proposition to show that 

{Ai®YA2,ai^a2) = {{pi®p2)*%Q,{pi®P2)* Ad), 

where Y = Ujg/f^i. But this is clear by using functorial property of 5Sr9^(-) in the category 
d\<5s and the isomorphism of Rg D-D bundles (^o®-^o, Ad® Ad) ^ (OCq, Ad) over PU(^C). □ 
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Proposition 6.6. Suppose Z : T — > ^ is a generalized Real homomorphism. Let {A, a) € 
'Br9^(9) of type 0. If P is a generalized classifying morphism for {A, a), then P o Z is a 
generalized classifying morphism for {A^ ,a^) G *BrlH(r). 

Proof. This is a consequence of the cofunctorial property of !BrlH(-) in the category 9\(5: i.e. 
A^X{^ implies A^ ^ {X{^f ^ %^°^ . □ 
Proposition 6.7. Let (Ai, ai), {A2, 02) isomorphic Rg D-D bundles of type over 3 > X 
If Pi and P2 are generalized classifying morphisms for {Ai,ai) and (^12, 02); respectively, there 
exists a 9-PU(5{)-eguz?;arzani Real isomorphism Pi = P2. 

Proof Let fi : Ai — > Pi 

^PU(jf) -^0)^ — 152, and (p : Ai — > A2 be isomorphisms of Rg D- 
D bundles. Then h := f2°4>° fi^ '■ Pi ^pu(5{) ^0 — ^ P2 ^pu(j{) ^0 is an isomorphism of 
Rg D-D bundles over 9- -Pi — > X and P2 — > X being PU(?{)-principal bundles, it follows 
from the theory of principal bundles (see for instance Husemoller |13t §4.6]) that there exists an 
isomorphism of PU(IK)-principal bundles / : Pi — > P2 over X such that h{[ip, T\) = [/(y?), T] for 
ah [if, T] £ Pi 

^PU(^c) Moreover, / must be Real since h is. Also, since h is 9-equivariant, 
we have h{[g ■ (p,T]) = g ■ h{\ip,T]) = g ■ [f{(p),T] = [g ■ f{(p),T], so that [f{g ■ ip),T] = 
[g-f{if),T] , V[(/J, T] £ Pi X jj^^^^3Co- / is thus an isomorphism of generalized Real homomorphisms 
Pi^P2:9 — ^PU(^C). □ 

From Proposition 16.71 we deduce, among other things, the following 
Corollary 6.8. If there exists a generalized classifying morphism for {A, a) € 5Sr£H(9), then it 
is unique up to isomorphism of generalized Real homomorphisms. 

The existence of generalized classifying morphisms is the content of the nex section. 



7. Construction of P 

It is known [30] that graded complex D-D bundles are, in some sense, classified by the groupoid 

PU(IK) 5. • ; i.e. giving a graded complex D-D bundle A over 9 is equivalent to giving a 

generalized morphism P € Hom(>5(9, PU(3f)), where is the category of topological groupoids 
and isomorphism classes of generalized morphisms. In view of the isomorphism established in 
Lemma l4.7t it is natural to expect a similar correspondence in the category of Real spaces. We 
show that the 9-equivariant PU(!K)-principal bundle associated to a Rg D-D bundle admits a 
natural involution turning it into an element in HomfF{ig(9, PU(?f)), where the Real groupoid 

PU(IK) 5. • is given the compact-open topology (which is equivalent to the *-strong operator 
topology) and the usual involution Adj^ ^ . 

A Rg D-D bundle (^1, a) G 5Sr9^(9) being of type means that the fibres Ax are isomorphic to 
the graded complex elementary C*-algebra %ev = 3C(^), and there is a Real local trivialization 
(Uj,ipj)j(zj with commutative diagrams 



A 



Uj X Xo 



(20) 



A 



^xbar 



U- X %o 
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and a Real family of continuous function aij : Uij — > Aut''*''*(3Co) = PU(3^), over every non- 
empty intersection Uij = UiD Uj, such that the homeomorphism 

hi o /iji : Uij X JCq — > Uij X Xq 

sends {x,T) to {x,aij{x)T). Notice that (aij) € ZR\U,f[J{J<)). We then obtain the "Real" 
analog of the well known Dixmier-Douady class (see [7], [26]). What is more, we get a Real 
PU(5€)-valued Cech 1-cocyle fi over S as follows. From the Real open cover U = {Uj)j^j, from 
the Real open cover [Ml §2] Hi = (?7j.,j^)) of S by setting ^Jj.^ .^^ = {5 e S | r((7) € C/jo,s(5) € 
C/jj}. Using the isomorphism of Rg C*-bundles s*A — > r*A over 9 induced by the Real 9- 
action a and the commutative diagram (|2U|) . there is a Real family of continuous functions 
/^Oo,ii) : f^ioji) ^ Aut(o)(Xo) = PU(:K) such that 

^'Uo,n)i9) = hj,\^^^^ o ag o /ij^j^^^^, € t/^^,^-^), (21) 

where /ijol^tg) : Aig) — > {^{9)} x ^Cq, and /ijii^j^, : {5(5}} x ^^o — > -As^g) are the restrictions 
of the isomorphisms hj^ : r*A\jji — > Uj^ x Xq and /i^^ : U-u x 3Co — > s*A\jji . It 
is easy to verify that /i-^ = (/^(joji)) is a Real 1-coboundary. We are going to show that the 
generalized Real homomorphism corresponding to the class of in ^i?^(9», PU(IK)) is actually 
a classifying generalized morphism for [A, a). 

We first need some further constructions. For 2; G X, let P^; := Isom^'^^(3<^0)-^x). Put 

P = W Px. (22) 

xex 

For 5 € 9 and p = {s{g),ip) € Ps{g), the 9-action a of ^1 provides the element 9 ■ p G Pr(g) given 
by 

g ■ p := {r{g),ag o Lf). (23) 

We wish to define a topology on P such that not only the canonical projection P 3 {x,ip) 1 — > 
X X is continuous but also the formula ()23p defines a continuous action of 9 on P with 
respect to the projection just given. To do so, we first consider the pull-backs ,5*^ — > 9 and 
r*P — > 9 of P — > X along the range and source maps. Then we look at the fibered-product 
s*P xg r*P — > 9. 

Lemma 7.1. The ^-action a of A induces a (set-theoretical) embedding 

s*P Xg r*P 9 X PU(^C). 

Proof. If (((/,(/?), (5,^)) (£s*Px2r*P, then ^"^ o o G Aut(°)(Xo) = PU(^(;). It is straight- 
forward to see that the correspondence 

s*Px2r*P — > 9xPU(^C) 

((5,92), (5, V')) I — > {9,4^"''^ oagoip) 

is a well-defined injection map. □ 

Definition 7.2. Let {A, a) € ^r^(9) of type 0, and let P be given by ([22]). Let the space 
s*P Xg r*P be given the topology induced from the product topology of 9 x PU(IK) via the 
embedding of Lemma 17.11 Then we endow P with the topology induced from the embedding 

P ^ s*Pxe,r*P 
{x,ip) I — y {{x,ip),{x,ip)) 
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In this way, P is looked at as a subspace of 9 x PU(^). 

From this definition, it is obvious that the projection P — > X is an open continuous map 
with respect to which the formula (|23|) defines a continuous S-action on P. Moreover, P is a Real 
S-space with respect to the involution P B {x, (p) i — > {x, (p), where for G lsoiii^^\%Q,Ax), the 
isomorphism (p is defined by (p{T) := 'p{T) for all T € 'Xq. 

Proposition 7.3. Let u E U(IK) and [n] its class in the group PU(IK). For ip & P^ we put 

<p ■ [u] := ip o Adu G Px- Then the map P 3 ix,(p) i — > ix,<p ■ [u]) G P defines a principal Real 
PUCK) -action on P compatible with the ^-action with respect to the projection P — > X. In 
other words, we have a generalized Real homomorphism 

P ^ • 



X 

from g to PU(jf). 

Proof. The continuity of the map PU(^K) x P 3 {[u], {x, (p)) i — > {x,(p ■ [u]) G P is a direct 
consequence of the construction of the topology of P. It respects the Real structures since for 
aU T G %o, 



p-[u]{T) = ip{uTu~^) = <poAdu{R) = 'poAdu{T),= {ip-[u]){T). 

It only remains to check that the PU(!K)-action is principal (cf. [23, §1-2]), which is clear since 
the map P x PU(^C) — > P xx P given by 

{{x,<p),[u]) I — > {{x,(p),{x,ip ■ [u])), 

has inverse given by {{x,ip),{x,'ip)) i — > {{x,ip),ip~^ o ■(/;). □ 
Proposition 7.4. The class of [P] G HomcHe(g, PIJ(^C)) in HR^{9,,V[]{Jt)) is fi-^, the latter 
being given by (pT|) . 



Proof. The Real local trivialization {Uj,hj) of (j2U|) gives rise to a Real family of local sections 
■ — ^ ^ such that 5j{x) = hj^^ G Isom^'^^(!Ko,^x)- For g G U^j^ j-^y we have g ■ ^ ^ = 
ag o ^ ^, hence g ■ 5^^(5(5)) = SjQ{r{g)) ■ /^(joji)) which proves the result. □ 



Proposition 7.5. Every Rg D-D bundle {A, a) of type over g g X admits a generalized 
classifying morphism ¥(A). Furthermore, the assignment 

[P]^A{[P]):=Px^^^^ %o 

induces a well defined surjective homomorphism of abelian monoids 

A:Hom9^©(g.,PU(^C)) ^ Mo(S). (24) 

Proof. Let P : 2 — > PU(IK) be the generalized Real homomorphism defined above (cf (|22p ). 
Then the family of fibrewise maps 

P Xj^(^) 3^0 3 iix,ip),T) ^ p{T) G Ax 

is clearly an isomorphism of Rg D-D bundles over g. Therefore, P : S — > PU(!K) is a generalized 
classifying morphism for {A, a). The uniqueness of P is guaranteed by Corollary 16.81 
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The map A is well defined since an isomorphism of generalized Real homomorphisms P = P' 
obviously induces an isomorphism between the associated Rg D-D bundles. It is a homo- 
morphism of abelian monoids, for if [P], [P'] G Homf)^e5(9, PU(IK)) then, thanks to Proposi- 
tion 16.51 and the uniqueness of the generalized classifying morphism, P ® P' is a. generalized 
classifying morphism for A([P])(8)xA([P']) and for A([P] + [P']) at the same time; so that 
A([P O P']) ^ ^ A([P])0xA([P']), which implies A([P] + [P']) = A([P]) + A([P']) in 

BrRo(9)- The surjectivity of A is a consequence of the existence of the generalized classifying 
morphism we just proved. □ 

Remark 7.6. Let X be a locally compact Hausdorff space. Recall that Atiyah and Segal defined 
the monoid Proj^(X) to be the set of infinite dimensional projective graded complex Hilbert 
space bundles on X (see in O pp. 11-12]) subjected to the operation of graded tensor products, 
and showed that as a set, Proj=^(X) = H'^{X,Z2) x H'^{X,Z). Note that if X is endowed with 
a Real structure r, then Hom/j PU(5i)) is nothing but the Real analog of Proj^(X). We 
thus may expect to have a similar result as in the complex case; this will be discussed in the 
next sections. 

8. Intermediate isomorphism theorem 

Consider once again the abelian monoids Homf)tig(S,U (^)) and Hom0t0(9, PU(!K)). There 
is a canonical monomorphism 

pr : Hom9^©(g,U°(^C)) Hom9^g(g, PU(^C)) 

induced by the canonical Real projection U {!K) — > PU(!K); i.e., if U : S — > U^(!K) is a 
generalized Real homomorphism, then we obtain a generalized Real homomorphism 

pr o U := U XuO(^c) PU(^C) : S PU(^C). 
Definition 8.1. An element [P] G Ilom<y{^{S,P\](pi)) is called trivial if [P] = [proU] for some 
u : g ^ U°(^C). 

Define an equivalence relation in }iomyi(g{S, PU(?€)) by saying that Pi, P2 : S — > PU(iK) are 
stably isomorphic if there exists a trivial generalized Real homomorphism Q such that 

[Pi] + [Q] = [P2] + [Q]. 

In that case we write [Pi] ^st [P2]- We define 

Hom9,e(g,PU(^C)),t := Hom5,e(g, PU(:K))/^,,. 

The class of [P] with respect to "~st" is denoted by [P]st 

Lemma 8.2. [P] is trivial if and only if P is the generalized classifying morphism of a Rg D-D 
bundle of the form {%{J^),Adij) where {Jif,u) is a Rg Hilbert S-bundle. 

Proof Assume P ^ proV trivial. Let [u] G HR^{X,\J° (JC)) be the class of the Real U°(^C)- 
principal bundle U — > X, and let [c] G HR^{9„V°i'k)) be the class of U as Real U°(^C)- 
principal g-bundle. Suppose, without loss of generality, that U = {Uj)j^j is a Real open cover 
of X on which cj is represented, and such that c is represented on the Real open cover Ui = 
^^{jo ji)^^o,ji&J- Then we get a Rg Hilbert g-bundle {Jif,u) by setting: 

J& ■=Y[Uj x^C/^ (25) 
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where UiXJi B (x,^) ~ (x, ujij{x)^) G f/j x !K; if [x, denotes the class in of (x, ^) € Uj x "K, 
we define the Real structure [x, i — > [x, (where as usual the "bar" in "K is the Real structure 
Jo,r), and the projection vr : — > X by 7r([x,.^]j) = x; the Real S-action U is 

:= H9),%o,n)(9)C]jo- (26) 
By construction, we see that pr o JJ = U Xu0(5{) "'^o is a generalized classifying morphism 
for {%{ji'),Adu) and that the class /x^^-^) (recah dUD) in ^iJ^O, PU(^C)) is ^4, where 

Conversely, a Rg Hilbert 9-bundle {J^, U) gives rise to a class [w] € i7i?i(g., U°(^(;)), hence 
to a generalized Real homomorphism U : S — U'^(!K). It follows from Proposition 17.41 that 
pr oJJ : 2 — > PU(!K) is a generalized classifying morphism for {'X{J^), Adjj); therefore P = 

o U by Corollary 16.81 □ 

Lemma 8.3. Homf)^g(S, PU(!K))st is an abelian group with respect to the sum; the inverse of 
[P]st is [P*]st where P* is the generalized classifying morphism for the conjugate bundle of 
A{[P]). 

Proof. We only need to verify the existence of the inverse. P iSi P* is a generalized classifying 
morphism for the Rg D-D bundle A([P])(8)xA([P]). Prom Corollary \3.10\ P (g) P* is then a 
generalized classifying morphism for {%{J^) , Adjj) where {J^,U) is a Rg Hilbert 9-bundle. 
Therefore, [P ^ P*] is trivial, by Lemma 18.21 □ 

The main result of this section is the following 
Theorem 8.4. Let 9 ^ X be a locally compact second- countable Real groupoid with Real 
Haar system. Then i?rRo(9) — HomfF;0(9, PU(3f))st . 

The proof is based on the following lemma. 

Lemma 8.5. (Compare [30jj. The sequence of abelian monoids 

Hom9^e(9,U°(^C)) ^ HomrHg(9, PU(^C)) A 5rElo(9) (27) 

is exact. 

Proof. We have already seen that pr was a monomorphism of abelian monoids, and A was an 
epimorphism of abelian monoids. It then remains to show that ker A = Im(pr). 

Im(pr) C ker A: indeed, from Lemma W?2\ and Corollarv 16.81 for all [U] G HomrH(5(9, U'^(IK)), 
the Rg D-D bundle A([pr o U]) is of the form {%{M'),Adu), hence A([pr o U]) = in B?Ro(9) 
by Corollary Km 

ker A C Im(pr): if A([P]) = then P is the generalized classifying morphism for some 
(JC { Jf'), Adu). So, by Lemma[821 [P] is trivial; in other words, [P] = [pr o U] € Im(pr). □ 

Proof of Theorem \8.4\ First of all, observe that there is a canonical isomorphism of abelian 
monoids 

5=||^.Hon,.4S.PU(*))... 

the quotient monoid is then an abelian group. Moreover, from the exact sequence ()27p we deduce 
an isomorphism of abelian monoids 



^ : BrRo(9) ^ Hom<H©(9, PU(:>{)) 



St ) 
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such that ,0^{A) is the class in Homf)^ig(S, PU(?{))sf of the generahzed classifying morphism 
P of {A, a). Furthermore, by definition of the inverse in HomtHi5(S, PU(3f))s(, we see that 
this isomorphism respects the inversion; it therefore is an isomorphism of abelian groups, this 
completes the proof. □ 

9. Example: case of a Real group 

Here we apply the observations of the previous sections to compute the Rg Brauer group of 
a locally compact Real group G I ■ ■ 

If S = G I ■ is a Real group, and if S is a Real group, then HomfH(jj(G, S) identifies with 
the set Hom(G, S)r of continuous Real group homomorphisms from G to 5. In particular 

Hom»(G.PU(A))..^"°-'°-'^<^»". 

Hom(G,U°(3{))H 

For instance, if G is given the trivial Real structure, then 

Hom»(0,PU(A))..^"°-'°-'^'*'». 

Hom(G,U»(M.)) 

Moreover, a Rg D-D bundle over G > ■ is obviously of constant type since it is given by 

a Real bundle over the point together with a Real action of G; so BrR(G) = BrR*(G). It is 
convenient to write BrRG'(*) instead of BrR(G) since it is exactly the Rg Brauer group of the 
point with the trivial Real G-action. Similarly, we write BrOG'(*) and BrG'(*). 
Now, applying Proposition 15.91 and Theorem 18.41 to G, we get 

Proposition 9.1. Let G he a locally compact Real group. Then 

Hom(G,U°(5{))R Hom(G,U°(:KM)) 

10. The main isomorphisms 

The purpose of this section is to prove the following theorem. 
Theorem 10.1. Let 9 '> X he a locally compact Hausdorff second- countahle Real groupoid 
with Real Haar system. Then 

BrR,{5) = HR'^{9„Z8)(B{HR\9.,Z2)^HR\5„S^)). 

We first deduce a generalization of Donovan-Karoubi's isomorphism Q: 

Corollary 10.2. Let g g X he a groupoid with paracompact unit space and Haar system. 
Then 

Proof. This follows from Theorem 14.61 2). Theorem llO.il and the fact that when S is given the 
trivial involution, Fi?"(g.,§i) ^ ^"(g,,Z2), thanks to [23, Proposition 2.43]. □ 

The proof of Theorem 110.11 is divided into several steps that mainly consist of constructing 
an isomorphism Hom<)^e(g, PU(^C))st = ExtR(g,§^). 
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Let US consider the following "generic" Rg S^-central extension E^^^ of the Real groupoid 
PU(^C) — r • 

§1 ^ U(^C) PU(^C) (28) 

a 
Z2 

where is the degree of the homogeneous unitary u. 

Let S 5. X be a Real groupoid and let P : 9 — > PU(5f ) be a generalized Real homomor- 
phism. Then we get a Rg S^-central extension P*K^^ of S by pulling back E^^ via P (see [231 
§!])• 

Lemma 10.3. The assignment P 1 — > P*E^^ induces a well defined homomorphism of Abelian 
monoids 

ST: HomsKs(S,PU(^C)) — ^£SiR(g,§^) 

Proof. Assume P = P' are isomorphic generalized Real homomorphisms from 9 to PU(!K). As 
usual, we may assume that P and P' are represented in Homf)^0j^(9,PU(J£)) (see [231 §1]) on 
the same Real open cover U of X by two Real strict homomorphisms / : — > PU(IK) 
and /' : g[U] — > PU(^C), respectively. The pull-backs P*'!^^^^ and {P')*E^^ are then Morita 
equivalent to 

^1 U(^C) x^^_j^(^)^^ 9[U] 9[U] 

dof 



and 

U(^C) Xp.,pTj(A),/'S[^] — 

dof 

respectively, where in both cases, the projection is the canonical one onto the second factor. 
Since P = P', there is an isomorphism of Real groupoids : 9(11] — > ^[U] such that f = f o cj). 
Therefore, the map 

defined by (u, 7) 1 — > {u,(p{'y)) induces an isomorphism of Rg S^-central extension P*E^^ = 
{P')*E^^. Hence ^ is well defined. 

Let us check that £^ is a homomorphism. Let [Pi], [P2] € Hom9^g(9, PU(^C)) and let pi,P2 '■ 
9[U] — > PU(!K) be Real strict homomorphisms representing [Pi] and [P2], respectively in the 
category yi&n- Then the map 



defined by 

((ui,7), (^2,7)) I — > {ui®U2,-t), 
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is easily checked to define an isomorphism of Rg S -central extensions 

(P^E^^mP^E^^^) - {P,(^P2rE^^. 

Thus, ,^{[Pi] + [P2]) = '^{[Pi]) + '^{[P2]), and we are done. □ 

Lemma 10.4. // [P] is trivial, then ^([P]) = in ExtR{Q,S^). Therefore, induces a 
homomorphism of abelian groups 

Hom«e(g,PU(^)),t Mi(g,si), 

also denoted by ^ . 

Proof. Since =^([-P]) depends only on the isomorphism class of P , it suffices to suppose P = proU 
for some generalized Real homomorphism U : S — > U'^(IK). Let u : Sl^.] ^ U'^(^C) be a Real 
strict homomorphism representing U in the category 9^0^. Then the Real groupoids morphism 
p : S['U] — > PU(^C) given by ^(7) = [u^] represents P. It follows that the map 

is a well defined section of the projection of (p*PU(!K), g[U],5 op); the latter is then a strictly 
trivial Rg S^-twist (cf. [23]). Therefore, P*E^ is a trivial Rg S^-central extension of 9- D 

At this point, we are following closely [3H §2.6] to construct a homomorphism 3^' in the other 
direction; and then we will show that £^ and are inverses of each other. 
Let E = (r, r, 5, Z) be a Rg S^-central extension of 9 > X . 

Definition 10.5. ( [311 Definition 2.37]). A function ^ € Cc(r) is said S^-equivariant if ■^(A7) = 
'^^^Cil) foi" any A G S"^ and any 7 G F. 

Let fi = {/x^lj^gy be a Real Haar system of the Real groupoid T I Y . For y £ Y, 
consider the graded Hilbert space Ly := L^(F^)^^ consisting of S^-equivariant functions on F^ 
which are with respect to /i^. Note that the Z2-grading of Ly is the one induced by 6; i.e., 
for C G Qci^yf', define <5^ by 

mil) ■■= (-i)'("^e(7), (29) 

where 7 G F is such that vr(7) = 7. Let 

je^ y =j:l(g)Ji, and = H J^ff ^y, (30) 

y 

where, as usual "K = P{N) is the generic separable infinite dimensional Hilbert space, endowed 
with the Real structure Jk given by the complex conjugation with respect to the canonical 
basis. Then the countably generated continuous field of infinite dimensional graded Hilbert 
spaces — > Y, is a locally trivial graded Hilbert bundle, and hence trivial thanks to [3 
Theoreme 5] . By identifying Ji(^ ^ with the space 

L^(fy;Jif := U e e,{fy;Ji) I C(A7) = A-^C(7),VA G S\j G F^, 
we define the Real structure on J^; by 

je^y3C^^eJ^,-, (31) 

where ^(7) := .^(7) for all 7 G F^. Together with this involution, is clearly a Rg Hilbert 
bundle over Y. 
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For y G y, let ^ = 11*^(3^, ^) |J U^(!K, ^) be the space of homogeneous unitary 
operators from IK to ^. Put 

% = n 

The field is endowed with the topology induced from J^: a section Y 3 y i — !• u^, € ^ 
is continuous if and only if for every ^ € !K, the map y i — > Uy^ is a continuous section of 
— > Y . The bundle — > Y is, in an obvious way, a Real U(IK)-principal bundle, with 
the Real structure '^f y 3 u i — > u € "^fg' '^^^^^ C S IK, 'ii(^) := n(^) G Notice that 

scalar multiplication with elements of the fibers ^ induces a Real S^-action on It follows 
that its quotient 

:= ^p/gi (32) 

is a Real PU(IK)-principal bundle over Y. We write [{x, u)] the class of (x, u) € ^ in the 
quotient P#p. 

One defines a Real left F-action on — > Y in the following way: let 7 € F and [(5(7), u)] € 
P'^p, then 7 • [{s{g),u)] is the class [(^•(7), 7 • u)] of the element (^(7), 7 • u) e ^^^^ where for 
each ^ G ^C, the function (7 ■ u)^ G L2(r'"(T); ^C)^' is given by 

(7 • u)^ : r(^) 3h^ {uOiT^h), 

where 7 G F^ is any lift of 7 with respect to the projection F — > F. It is easy to verify that 
with respect to this well defined Real action, is a Real PU(IK)-principal bundle over the 
Real groupoid F > Y , in other words, it is a generalized Real homomorphism from F to 

PU(^C) — r • . 

pi^~ ^ 

Now the composite S — >T ^ F\J{J{) gives us the generalized Real homomorphism 

PE:=P#poZ-i : g ^PU(^C). (33) 

Remark 10.6. Notice that the Real F-action on P'^p is induced by the Real F-action on "^p 
defined by 7 • (5(7), n) := (r(7),7 • u), where for G IK, ((7 • u)^){h) := (n^)(7~^/i) for all 

h G r^'(^). In fact, ^p is a Real U(IK)-principal bundle over the Real groupoid F <■ Y ■ 
Lemma 10.7. Let Ej = (Fj, Fj, 5j, Zi),i = 1,2 be Morita equivalent Rg S^-central extensions of 
9 I X , with equivalence implemented by an S^-equivarient Morita equivalence Z : Fi — > 

^2 (cf- [Ml §1]/ Denote by Z' = Z/S^ : Fi — > F2 the induced Morita equivalence. Then 
P'^p^ o Z' and P^p^ are isomorphic. 

Proof. This is a consequence of |3H Lemma 2.39]. □ 

Lemma 10.8. Assume Ei and E2 are Morita equivalent Rg S^-central extensions of S- Then 
[PEi] = [PE2]. 

Proof. A Morita equivalence F S induces an isomorphism of abelian monoids 

: hom?Re(F,PU(lk)) HomfHe(g, PU(IK)) 
given by Z^P] := [P o Z-^] ( [311 Proposition 2.35]). 

Now if Z is a Morita equivalence from Ei and E2, then under the notations of Lemma 110.71 the 
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commutative diagram of generalized Real homomorphisms 

Ti — 



^1 \ / -^2 

s 

induces a commutative diagram of abelian monoids 



Hom9^«(ri,PU(^C)) Hom9^e(r2,PU(^C)) 



Zi* ^^^^""^ Z2* 

Hom5He(g,PU(^C)) 

Consequently, P#p^ o {Z')-^ o Z^^ ^ P#p^ o Zf ^ = PEi . But from Lemma [1(171 P^p^ o {Z') 
P'^P^. Therefore, PE2 = PEi. □ 
Lemma 10.9. The assignment E 1 — > PE induces group homomorphism 

^' ■ Sl(g,Si) ^ Hom5He(g,PU(^C)),t, [E] ^ [PE],t. 

Moreover ^ o ^' = ld. 

Proof. The second statement follows from |3H Proposition 2.38]. 

For the first statement, we shall check first that [PE] is trivial for E trivial. But, thanks to 
the previous lemma, it suffices to show that PEq comes from a generalized Real homomorphism 
U : 9 — > U^CK), where Eq is the trivial extension (S x S, 0). This is obvious since L^(S^ x 
gi^gi = L^(9^), which implies in particular that there is a canonical Real graded S-action on 
the Real (trivially) graded Hilbert bundle J^x§i- 

Let [Ei],[E2] G ExtR(9, S"*^)- For the sake of simplicity, we shall assume Ei and E2 are 
represented by Rg S^-twists (Fi,F,5i) and (F2,F,(52) over the same Real groupoid F 5. Y 
Morita equivalent to 9- Let /ij be a Real Haar system of Fj,i = 1,2. Then Fi(|)F2 is equipped 
with the Real Haar system /ii x§i//2, and F is equipped with the image of the later (here /ii Xgi fi2 
is meant to say the product measure is invariant under the diagonal action by S^). For y gY, 
we denote by Qc(^\;!K)^^ (g)Q^(YyjQc{^2'i'^)^^ the completion, with respect to the inductive limit 
topology in edfl^flf, of the ec(F2')-linear span of 



{606l6Ge,(Fff ,6Ge,(F|f } 



where ^0^2 G ec(F^®F2)^ is defined by [(71,72)] 1 — > 6(71)6(72), and where Cd^y) acts on 
Qcirffhy the formulas: (6 • <^)(7i) = 6(71)0(^1(71)), and {4> ■ 6)(72) = '/'(^2(72))6(72) for 
6 G ec(Ff)^\0 G ec(FS^),6 G ec(r^) and 7i G Ff,i = 1,2. Then, passing to the L^-norms, the 
graded Hilbert spaces L2(rf(g)f|)^' and L'^{flf%L2(Yv)L'^{flf^ are isomorphic. 
Define a generalized Real homomorphism ^ (F) : F — y U'^(!K) by the Real filed 

^(F) := ]JU°(^C,L2(rs/)0j{), 

where the Real F-action is induced by the Real F-action on the Rg Hilbert F-bundle J^{T) = 
Uy^yLHTy)0:K ^ y defined by 7- (s(7),0 := (K7),7-0, with {j-OW ■= Cij-^h) for every 
h G F^(t) (note that the grading of J^{T) is carried by L'^{Ty) and is given by (5i ® ^2)^(7) ■= 
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(_l)<5i(7)+<52(7)^(^)). Then, remarking that pr o '^{T) = '^(r)/S\ we define an isomorphism of 
Real PU(3f)-principal bundles over r > Y 

P#p^®P^p^0(pro^(r)) A P%^r2 (34) 
[{y, ui)] [iy, U2)] «) [iy, v)] I — > [{y, v ■ (^10^2))] 

as follows: given ^ € IK, we write Uj(^) = X]j ^ = 1)2, where € L'^ {Tf)^^ , rf- E CK, and 

similarly, t;(^) = ip^ (g) (^^ G L^(r^) (g) 5{; then the unitary v ■ {U1QU2) is defined by 

Thus [P'^p^^pJ [P#p^ «)P#pJ in Homing (F, PIJ(^C)). Therefore, by functoriality, we have 
[P(Ei®Ei)] [(PE2) ® (PE2)], which means that =!^'([Ei] + [E2]) = ^'([Ei]) + ^'{[E2]). □ 
Lemma 10.10. VFe have ,0^' o ^ = Id; consequently, we have a group isomorphism 

Hom5^g(g,pu(^c)),t ^ Si(g,si). 

Proof. In view of Lemma ll0.91 we only have to verify that ^'oj7 = Id. Let [P] € HomfF;©(S, PU(IK)) 
be represented by a pair [(11,^)] € Hom!>{g5j^(S, PU(!K)). Recall (cf. [221 Proposition 1.33]) 
that P = P' o Zi^^, where • Sl'U] S is the canonical Real inclusion and P' is (iso- 
morphic to) the generalized Real homomorphism induced from the strict Real homomorphism 
p : 9[U] — > PU(^C). Notice that P' = ]JjUj x PU(^C) together with the Real g[lI]-action 
9joji ' (•5(5)^11 bA) '■— (^(fi')ioi M)- On the other hand, there is canonical Real giltj-action on the 
Rg Hilbert bundle =^.u(^c)' P%*v{-k) = PU(^'^*u(K)) - Uj x PU(^) = P' ■ I* 

follows that -P^p.u{^i) ° ^^u -P'° ^^u = ^' ai^d ^^^^6 = [^]- n 

Proof of Theorem \10.1[ By [23] Theorem 2.60], there is an isomorphism 

dd : ESR(g,S^) A HR^{%„Z2) k HR^{^„^^), 

where the operation in the semi-direct product is (5, w) + {5' ,uj') := (5 + 5' , {5 5') ■ oj ■ uj'). 
Therefore, by Theorem 18.41 and Lemma llO. 101 we have an isomorphism 

ddo ^ o ^ ■.'Siko{<5) ^ HB}{g,„Z2) K H'^{%,X)- 
The result then follows from [531 □ 



11. Oriented Rg D-D bundles 

Definition 11.1. For yi € B?R,(g), its image in ^i?°(g., Inv.^) (Fi?^(g,, Z2) k HR^{G)„^^)) 
is called the D-D class of A and is denoted by DD{A). 

Definition 11.2. Given a Rg D-D bundle (^1, a) of type 0, the Rg S^-central extension obtained 
by the composite 

Brflo(g) A Hom5He(S,PU(^C)) A &rtR(g,Si) 
is called the associated Rg extension and is denoted by Eyi. 

Definition 11.3. A Rg D-D bundle {A, a) is called oriented if its D-D class is of the form 
(0,0, c); {A, a) is then of type 0. By BrR'''(g) we denote the subset of BrR(g) consisting of 
oriented Rg D-D bundles. 
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It should be noted that the associated Rg extension Eyi of an oriented Rg D-D bundle is 
even in the sense that the grading 6 of Eji is the zero function. Of course Morita equivalence 
and tensor product of Rg D-D bundles preserve orientation. Thus BrR (S) is a subgroup 
of BrRo(S)- Indeed, using similar arguments as in [?, §3.4], we obtain the "Real analog" of 
Kumjian-Muhly- Renault- Williams [IT] . 

Theorem 11.4. Let S ^ X be a locally compact Hausdorff second-countable Real groupoid 
with Real Haar system. Then 

M^(g) ^ HomcHe(g,PU°(^C)),i ^ HR\9„S^). 

Remark 11.5. We shall note that the above result generalizes Rosenberg classification of real 
continuous-trace algebras given in [27]. Indeed, let {X,t) be a compact Real space. Then 
BnR,^(X) ^ HR'^{X,S^) ^ HR^{X,lP'^). Thus, if ^1 G BrR,^(X) with Dixmier-Douady class 
DD{A) = a € HR?{X,lP'^), we have r*Q = —a, which coincides with \n\ Proposition 3.1]. 

Appendix A. Rg C*-algebras 

Recall that a complexification of a real Banach space (i?, ||.||) is a complex Banach space 
{Eq, II -lie) such that Eq = E -\- iE as a complex linear space, the norm ||.||c restricts to ||.|| on 
E, and \\r] -\- i(^\\ = \\ri — for all r],^ ^ E (i.e., E^ = E (8>k C). Moreover, for any real Banach 
space E , there is a unique (up to equivalence) complexification of it. We refer to pLSj for a 
general theory of real Banach spaces and real Banach (*-)algebras. 

In this way, any real Banach (*-)algebra A is associated to a complex Banach (*-)algebra = 
A (8)M C. In particular, if j4 is a real C*-algebra (see [29, chap.l] for the definition of real C*- 
algebra), then admits a structure of a complex C*-algebra. It is however natural to ask the 
following question 

Question A.l. Let B be a complex C* -algebra. Does there exist a closed real C* -subalgebra 
Br of B such that B^ Br (S>rC? 

Although it was mentioned in [18] that this question reminds open, the answer is in fact "no". 
Indeed, as we will see later, the existence of Br is equivalent to the existence of a conjugate- 
linear involution on B, which is also equivalent to B being isomorphic to its conjugate algebra 
via a 2-periodic isomorphism). But such an involution induces an involutory anti-automorphism 
if : B — 7- B (i.e. cp verifies ip{ah) = ^p{b)^p{a),\la,b G B and tp^ = 1). On the other hand, 
A. Connes [5] and T. Giordano [11] have constructed examples of von Neumann algebras that 
are not anti-isomorphic to themselves. Recently, other explicite examples of C*-algebras not 
isomorphic to their conjugate algebras have been constructed (see N.C. Phillips j21j . and N.C. 
Phillips and M.G. Viola ^S])- 

We should however point out that being anti-isomorphic to itself is not sufficient for a C*- 
algebra B to admit a conjugate-linear involution, as it was proved by V. Jones in [14j . 

In this section we are concerned with those (C*-)algebras that for which Ouestion lA.ll has a 
positive answer. 

Definition A. 2. A Real fZ2)-9raded C*-algebra consists of a C*-algebra A together with 

(i) an involutive *-homomorphism a : A — > A with = 1; a is called the grading; 

(ii) an involutive *-automorphism a a '■ A — > A which is antilinear, such that a\ = 1, and 
aA° Oi = a o aA- is called the Real structure of A. 

We will say that A is a Rg C*-algebra, for short. 
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We will often write {A, a a) for such a Rg C*-algebra and we decompose ^4 as a the direct 
sum A = A'^ ® where A° = Ker(^^) and A^ = Ker(^^). We write \a\ for the degree of an 
element a E: A. However, it is easy to see that A^ is a C*-subalgebra of A while A^ is not. 

An element a € ^ is called homogeneous of degree i, for z = 0, 1 mod 2 , if a G ^4*. a is said 

to be invariant if it is of degree and cj^(a) = a. 

Example A. 3. Let A = A^ (B A^ be a graded real C*-algebra. Then its complexification A^ is 
also graded. Indeed, we have Ac = A^ © A^. Now the bar operation ~ : Ac — > Ac given by 
a + ib := a — ib defines a Real structure on Ac- For instance, any real C*-algebra A gives rise 
to a Rg C*-algebra by taking A^ = 0. 

Example A. 4. Given a real C*-algebra A, the direct sum A® A admits a canonical grading 
given by (a, 6) i — > {b,a); then {A © ^4)° = {(a, a) \ a e A} and {A © ^4)^ = {(a, -a) \ a e A}. 
This induces a grading on the complex C*-algebra © which becomes a Real graded C*- 
algebra. This grading is called the standard odd grading. In particular, the complex Clifford 
algebra C/i = C ffi C is a Rg C*-algebra with its canonical Real structure given by the complex 
conjugation. 

Definition A. 5. Let (A, o"^) and {B,aB) be Rg C*-algebras. A Real graded homomorphism 
between A and B is a homomorphism of C*-algebras (p : A — > B that intertwines the Real 
structures and the gradings. 

In particular, we say that {A, a^) and (B, as) are isomorphic as Rg C*-algebras, and we write 
{A, a a) — iB,aB), if there exists a Rg isomorphism between them. 

If {A, aA) is a Rg C*-algebra, then the multiplier algebra M{A) has also a structure of Real 
graded C*-algebra. Indeed, if e is the grading on A and (Ti, G M{A), we put Ade(Ti,T2) := 
(eTie, eT2e) and it is easy to see that this defines a grading on M(A) with M(A)W = {(Ti,T2) G 
M(^) I eTjfce = {—lyTk, k = 1,2}; moreover the Real structure is given by 

0'a(Ti,T2) := ((Ta7i(7a,(TaT2(T2). 

A subspace S of A is Real graded if it is invariant under aA and if it is the direct sum of the 
intersections B f] A^ (or equivalently, if it is invariant under the grading of A). For instance, it 
is easy to check that the center of any Rg C*-algebra is Rg. 

Le I be a Real graded ideal in (A, a). Let [a] denotes the class of a in A/ 1, then we can show 
that the maps a{[a]) := [cr{a)] and e([a]) := [e(a)], are well defined from A/I to A/I, giving us 
a grading and a Real structure on the quotient C*-algebra A/ 1. 

Now let us give the following simple characterization of Rg C*-algebras. 
Lemma A. 6. Let {A,aA) be a Rg C* -algebra. Then there exists a real 7,2-graded C*-algebra 
Ar such that {A,aA) — {Ar <8)m C,~ ), where (~ ) is the bar operation. 

Mainly speaking, a Rg C*-algebra is just a graded C*-algebra which is the complexification 
of a graded real C*-algebra, together with the bar operation. This justifies the terminology of 
Real. 

Proof. Put A^ := {a E A \ o"yi(a) = a}. Then A^ is a real graded C*-algcbra. Moreover, it is 
very easy to check that the map A — > tIr + iA^, a i — > a+^^Aa) _|_ i( " '2^*'"^ ) extends to an 
isomorphism of complex C*-algebras intertwining the Real structures and the gradings. □ 

Remark A. 7. Similarly, wc will call Rg Banach space any complex graded Banach space which 
is the complexification of a Banach space over M. 
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Example A. 8. Let {X, r) be a (Hausdorff and locally compact) Real space. Then r induces 
a Real structure, also denoted by r, on the C*-algebra Co(^) of complex values functions on 
X vanishing at infinity, given by T{f){x) = /(t^x)), for / G So(-^), x £ X. Therefore, from 
LemmaDwe have (eo(X),r) ^ (eo(X,r) Or C," ) where eo(X,r) := {/ € eo(X) |/(r(a;)) = 
/(x), Vx G X} is the real C*-algebra of invariant elements of (So(^),t). 

We must also say something about the tensor product of two Real graded C*-algebras. This 
paragraph is a direct adaptation of [20] to the Real case. Let (^4, a) be a Real graded C*-algebra. 
A Real graded linear functional on A is a linear functional / : A — > C such that /|^^ =0 and 
f(a{a)) = f{a) for all a G A. A Real graded state on A is a positive linear functional s on ^ 
such that ||s|| = 1. Suppose that {A,a) and (-B,?) are separable, Real graded C*-algebras, then 
{AQB,aQ<i) denotes the algebraic Real graded tensor product of A and B, where elements are 
graded be |a0fe| = \a\ + and the Real structure is given by cj0?(a05) := a{a)Q<^{b). The 
product and involutions are defined by 

{a(bb){a'Qb') := (aa'066'), 

(aOb)* := (-l)l<^ll^l(a*06*). 
Now if s and t are Real graded states on A and B respectively, let 

n 

{sQt){c*c) := s{a*aj)t{b*bj), 

for c = Yl^=i o-iQ^i ^ ^0-B. Then sQt is a Real graded state on AqB. We define a C*-norm 
on AqB by 

(sQt)(d*c*cd) 
c := sup — - — 7—— ^ — , 

s,t,d {sQt){d*d) 

where the supremum is taken over all Real graded states s on A, t on B, and over all d G AqB 
with {sQt){d*d) ^ 0. The completion of AQB with respect to this norm is graded C*-algebra 
denoted by AqB; moreover, <t0? extends to a Real involution on AqB which gives a Real graded 
C*-algebra i70<;) called the (Real graded) tensor product of {A, a) and (i?,?). 

A.l. Elementary Rg C*-algebras. We are interested in the study of Real structures on graded 
C*-algebras of compact operators. 

Definition A. 9. A complex graded C*-algebra A is called elementary of parity (resp. of 
parity 1) if it isomorphic as a graded C*-algebra to JCCK) (resp. to %{'K) © %{!K)), where IK 
(resp. IK) is a complex graded Hilbert space (resp. a complex Hilbert space), and IK(IK) ©IK](IK) 
is equipped with the standard odd grading. 

Example A. 10 (The complex Clifford C*-algebras). The complex Clifford C*-algebras Clp can 
be defined as graded C*-algebras of compact operators in the following way. li p = 2m, Clp is 

C/2m := IK(C^™ ^ ©C^™ ^) equipped with the standard even grading Ad^, where e = 

if p = 2m + 1 is odd, then Chm+i ■= IK(C^'") © IX;(C^'") with the standard odd grading. We 
then see that the C/2m's are graded elementary C*-algebras of parity 0, while the Cl2m+i's are 
graded elementary C*-algebras of parity 1. Moreover, these algebras verify ClpQClq = Clp+q as 
graded C*-algebras ( [31 §-14.5]). 
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For the sake of simplicity, we assume in what follows that IK is a complex separable infinite- 
dimensional Hilbert space. Then, by choosing an isomorphism IK = IK © JC, we have a complex 
graded Hilbert space IK := ?{ © !K = (J{ © IK)° © (J{ © IK)\ where the grading is given by 
{x,y) I — > {y,x). We thus obtain a complex graded elementary C*-algebra "Xev '■= of 

parity (here " eu" stands for even) whose grading automorphism is the unitary ^ . We 

also get a Real graded elementary C*-algebra "Xodd IK (IK) © %(%) with the standard odd 
grading. The next subsections are aimed at describing the Real structures of %ev and OtocLd- 

A.2. Real structures on %ev 

DefinitionA.il. A Real structure (resp. quaternionic structure) on IK is a homogenous 
anti- unitary J : IK — > IK such that = 1 (resp. such that = —1). 

Real structures on IK will be denoted as Jr, or as Jj,M,i = 0, 1 if we need to emphasize the 
degree i of Jr. Similarly, quaternionic structures will be denoted as Jh, or Jj^n,^ = 0, 1. 

Given a Real structure Jr : 5{ — > J{, its (+l)-eigenspace Jfj^ := {x G | J-r{x) = x} (that 
we will also denote by IKk if there is no risk of confusion) is a real graded separable infinite- 
dimensional Hilbert space such that IK = IKjjj ®^ C. Furthermore, there exists an orthonormal 
basis {e„}„gN of IK, unique up to conjugation with homogenous elements in the orthogonal 
group O(IKjg), such that Jr is given by Jr(x) := Yln^nen for all x = Yln^n^in € Writting 
Jr in this form, we get the following straightforward lemma. 

Lemma A. 12. Let Jr he as above. Define cr : %ev — > "^ev by (T]r(T) := JrTJjr. Then ctr is 
a Real structure on %ev such that {%ev)crj,^ — IKr(IKr) as real graded C*-algebras. 

Now suppose Jh : IK — > IK is a quaternionic structure. Define the degree operator / : 
IK — > Oi by Ix := ix. Then P = —1, and IJ = —JI. Thus, we can define the operator 
K := IJ -."K — > IK which has the same degree as J and is such that K'^ = — 1 = UK. It turns 
out that there exists a graded action of the quaternions H on given by (i, x) \ — ^ ix., {j, x) i — > 
jx := Jx, and {k,x) i — > kx := Kx = IJx, where {l,i,j,k} is the usual basis of the division 
ring H. Let IKjjj (or just IKe if there is no risk of confusion) be the quaternionic graded Hilbert 
space, where the H-valued inner product is given by {x,y)B. ■= {x,y) + {x,Jy)j if (•, •) denotes 
the complex scalar product of IK. 

Lemma A. 13. Let Je be as above. Define : OC^^ — > %(.v by o'^{T) := —J^TJ^. Then cth 
is a Real structure on %ev such that (JCev)cTB isomorphic, under a graded isomorphism, to the 
real graded C* -algebra DCh(IKh) of the compact M.-linear operators on the quaternionic graded 
Hilbert space IKh- 

Proof. The only thing we need to show is the graded isomorphism. Suppose that T G {%ev)an- 
Then, TJh = Jh?", so that T extends uniquely to a compact H-linear operator T : IKh — > IKh 
through the formula T{jx) := Jm{Tx) for x E Oi. This provides a homomorphism of real 
graded C*-algebras {Xev)am — ^ Xm{'Am),T i — > T. Conversely, any T G IKe(IKH) induces a 
unique T G £(IK) such that Tx = Tx for all a; G IK. Then T G 3<Ie^•• Moreover, one has 
(TJ]H[)x = T{Jj^x) = T{jx) = jTx = {JmT)x; hence, TJh = JmT, and then c7h(T) = T. We 
then get a homomorphism of real graded C*-algebras IKh(IKh) — > {'Xev)aB^'^ ' — ^ ^- It is easy 
to check that these two homomorphisms are inverses of each other. □ 

The following result classifies all the Real structures on %ev 
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Proposition A. 14. Suppose that a is a Real structure on %ev Then, a is either of the form 
o-R, or of the form am- 

Proof. Choose an orthonormal basis {e„} of !K, and for T S OCev, define T G by T{x) := 
T(x), where if x = J2n^nen, we set x := Ylm^rfin- Then T = vTv, where v : "K — > "K is 
the anti-unitary define by the complex conjugation with respect to the basis {e„}. Moreover, 
v"^ = 1. Now, define a £ Aut'''''*(3<^ei') by a'(T) := cr(T). Then, there exists a homogeneous 
unitary u G U(IK) such that a = Adu- Whence, cr(T) = a'(T) = uvTvu~^ = JTJ~^, where 
J := uv. Observe that J is a homogeneous anti- unitary since V is. Furtlierinore, for 3,11 T G OC^y^ 
we have T = a'^{T) = j'^T{J~''f; therefore = ±1. □ 

Definition A. 15. We say that a Rg elementary C*-algebra {A, a) of parity is (of type) [0; e, 
where e = 0, 1, = ±, if its Real structure is induced by an anti-unitary J of degree e such that 
J2 = r/1. 

Remark A. 16. According to Proposition IA.141 there are four types of Rg elementary C*- 
algebras of parity 0: [0; 0, +], [0; 0, -], [0; 1, +], and [0;!,-]. 

Remark A. 17. Regarding as of parity (with the trivial grading of IK), there any Real 

structure on 3C(J{) is given by the conjugation with anti- unitary J : !K — > !K such that = ±1. 
Thus, such a Real graded C*-algebra is either a [0;0, +] or [0;0, — ]. 

Example A. 18 (Real structures on C/2)- Consider the second Clifford algebra CI2 = 3C(C © 
C) = M2(C), equipped with the standard even grading. There is a canonical Real structure 
Jm of degree on the graded Hilbert space C © C given by the complex conjugation, and a 
canonical quaternionic Real structure of degree Jo,h = iJo,R, which induce the same Real 
structure c/0,2 on CI2 such that (C/2)CTa — {'^2)0102 — ^20^) — CIq^2- In other words, C/2 is 
the complexification of the second real Clifford algebra C/0,2 (see [2J for more details on the real 
Clifford algebras Clp^q). However, CI2 is also the complexification of the quaternions H as follows. 
Define the quaternionic structure Ji^h : C © C — > C © C of degree 1 by (x, y) 1 — > (y, —x). The 
graded quaternionic Hilbert space obtained is H; the Real structure induced by Ji^e is denoted 
by c/2,0- Observe that (€^2)0/20 — ^h(EI) = H = C/2,o- Note that this Real structure is 
equivalent to that induced by the anti-unitary Ji,R(x,y) := {y,x). These two Real structures 
will play a central role in the classification of elementary Rg C*-algebras in Section IA.41 

A. 3. Real structures on %odd- In this section we describe the Real structures on %odd- We 
start by some usefull observations. Suppose we are given a trivially graded C*-algebra A. Then, 
any Real structure cr on A defines the two different Real structures a © o" and a © (— o") on 
the graded C*-algebra A(B A (with the standard odd grading), resepctively given by (a, h) 1 — > 
(ct(o), (t(6)) and (a, 6) 1 — )■ {a{a), —a{b)). Notice that the latter Real structure is equivalent to 
(a, 6) I — > {(7(b), a{a)). Furthermore, if we denote A^ := A^^, then on the one hand, we get 
(A © j4)o-®(t is the real graded C*-algebra A^ © A^ with the standard odd grading, and on the 
other hand, {A(BA)^(^(^_^^ = AKQ)iAK is isomorphic to the real graded C*-algebra A^eai which is 
the underlying M-algebra of A. It is easy to see that the grading of Areai is given by A^^^^ = A^ 
and Al^^i = iA^. Conversely, we have the following. 

Proposition A. 19. Let A be a complex C* -algebra, and let A(BA be equipped with the standard 
odd grading (a, b) 1 — > (b, a). Suppose t is a Real structure on A (B A. Then, r is either of the 
form {a,b) 1 — > {a{a),a{b)) or (a, 6) 1 — > {a{b),a{a)), where a : A — > A is a Real structure on 
the ungraded C* -algebra A. 
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Proof. Since r is of degree 0, it can be written in the form ''" ~ I q - I '^i^h respect to the 

decomposition ^ ^ = {A ® A)^ ® {A ® A)^ , where t+ : — > {A e is a Real 
structure on the C*-subalgebra {A © A)^ of ^ © ^, and r~ : © ^4)^ — > {A © A)^ is an 
anti-hnear isomorphism of vector space. For ah (a, a) € {A(BA)^, r+(a, a) G {A(BA)^, so that it 
is of the form {a{a),a{a)). If (aj,aj) — > {a, a) G {AQ)A)^, then {a{ai),a{ai)) = T^{ai,ai) — > 
T^{a,a) = {a{a),a{a)), and then a{ai) — > in A. Furthermore, it is straightforward that 
a{ab) = a{a)a{b), a{Xa) = Xa{a) for all A G C,a G A, and that o"^ = 1, so that cr is a Real 
structure on A. Now, for all (6, -b) G © A)^, (6, -b) ■ (6, -b) = {b^, 6^) G (A © A)^; thus, 

(t-(6,-6))2 = r(62,62) = r+(62,62) = (^(6)2,^(5)2). 

Hence, since this is true for all 6 G ^, we obtain r~(6, — 6) = {±a{b),^a{b)). If T~{b,—b) = 
{a{b), —a{b)), then r is given by T{a,b) = {a{a),a{b)), for all {a,b) G a © a, and if t~(6, — 6) = 
{-a{b),a{b)), then for ah (a, 6) G A © ^, r(a,6) = {a{b),a{a)). □ 

Definition A. 20. A Real structure r on j4 © A is called even if it is of the form (a, 6) i — > 
{a{a),a{b)), it is odd if it is of the form (a, 6) i — > {a{b),a{a)), where o" is a Real structure on 
the ungraded C*-algebra A. 

Proposition A. 21. Assume r : A © A — > A (B A is a Real structure. Then 

(a) (A©A, r) = (A(i)C/i, (T©c/o,i), if t is even, and 

(b) (A©A,r) = (A(g)Oi,cr(g)c/i,o), if t is odd. 

Proof As graded complex C*-algebras, A © A = A(g)C/i = A (g) C/i (cf. [4, Corollary 14.5.3]). If 
T is even, then as real graded C*-algebras, (A©A)m = Air©Am = (Ak(^C/o,i) = (-^©CZi)^^^;^ ^, 
where Am := A^, and (A © A)m := (A © A)^; this establishes (a). If r is odd, then (A © A)m = 
A^ea, ^ AiR(g)C ^ Ai;©C/i,o = (A«)C/i)^jg^;^^^ , which establishes (b). □ 
Corollary A. 22. Suppose a is a Real structure on "Xodd- Then, there exists an anti-unitary 
J ■.'K — yJi with ,P = ±1, such that either {Xodd,cr) = {X{:K)(S)Cli, Adj^clo,i), or (JCodd,^) = 
{%{J{)(g>Cli,Adj(g)clifi). 

Definition A. 23. We say that a Rg elementary C*-algebra {%odd,(^) of parity 1 is (of type) 
[1; e, r]], if the Real structure is of parity e (i.e., e is if o" is even, and 1 if cr is odd), and if the 
anti-unitary J of Corollarv I A. 22 1 is such that = r/1, where = ±. 

Remark A. 24. Notice that there are four of such types: [1; 0, +], [1; 0, — ], [1; 1, +], and[l;l,— ]. 

Example A. 25. (C/i,c/o,i) and (C/i,c/i^o) are of types [1;0, +] and [1;1,+], respectively. 
A. 4. The classification table. 

We start this section with the following lemma. 
Lemma A. 26. Let Jii and be two complex graded Hilbert spaces, and let Ji, i = 1,2 
be an anti-unitary of degree Si on "Ki such that jf = ±1. Denote by gi,i = 1,2 the grading 
automorphism of'X{'Ki). Then, there is an isomorphism of Real graded (elementary) C* -algebras 

{%{'ki)^%{'k2),Adj^(^Adj.^) ^ {X{Jii^^£2),Adj), 
where J := Jig\^®J2g^2 ■ 
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Proof. The isomorphism of graded C*-algebras 'X{'Ki)0%{'K2) — > %{'Ki0'K2) is given on ho- 
mogeneous tensors by 

(ri^r2)(xi(g)X2) = (-i)i^2i-i^^iri(xi)(g)r2(x2). 

Moreover, a simple calculation shows that this is actually a Real isomorphism, when %('}{i0'K2) 
is equipped with the Real structure Adj; indeed, 

Adj(Ti^r2) = {JigT^J292') {Ti®T2) {Jigl'^J292'y 

= {Jigl'T,^J2g'2'T2) {{girJl^Agirj;) 

= (-If^l^^l+^il^^l {{AgfTr{girJl)®{J2gl'T2{g*2f^r2)) 
= Adj,(Ti)^Adj,(T2). 

□ 

A particular case of this lemma is the following. 
Corollary A. 27. Le J be an anti-unitary on the ungraded Hilbert space ^ such that = rjl, 
where as usual r] = ziz. Let c/0,2 <ind c/2,0 be the Real structures 0/C/2 defined in Example \A.18l 
Then, 

• [0;0,7]] ^ {X{%),Adj)^{Cl2,clo,2), where J -."K — > "K is such that ,P = rjl, and 

• [0;l,r/] ^ {%{Ji),Adj)^{Cl2,cl2,o), where J ■.'K — > "K is such that = -r/1. 

The next theorem can be viewed as a generalization of Wall's result, j32|, Theorem 3], to the 
infinite dimensional case. 

Theorem A. 28. The type of the Real graded tensor product of two Real graded elementary 
C* -algebras (^1,0"^) and {B^as) depends only on those of {A, a a) and {B^gb)- Moreover, we 
have the formulas 

[0;ei,r/i]®[0;e2,??2] = [0; ei + £2, (-)'^''m^?2] (36) 
[0;ei,r/i]®[l; £2,^72] = [1; + ^2, (-)'^+"^'^r?i^2] (37) 
[l;ei,r/i]®[l;e2,??2] = [0;l + ei+e2,(-)"^"'r?iry2] , (38) 
where the sum of degrees is mod 2. 

Proof. The formula (|36p is nothing more than Lemma [A. 261 Indeed, we have seen that the Real 
structure on %{^i®'K2) is defined by the anti-unitary J = Jig\^(bJ2g2^ ■ The degree of J is 
then £ = ei+ £2, and = (-l)=i=2 (g)j| = (-1)^1^27/1 7/2!®!. 

Also, combining CoroUarv IA.221 Corollarv IA.271 we get (j37p . by considering the isomorphism of 
Rg C*-algebras 

(X(^Ci),AdjJ®(X(J{2)0ai,Adj2 0Ti) ^ {%{'ki^'}i2)®Ch,Mj^Ti), 
where J = Ji^J2, and ri is either c/0,1 or di^o- 

Finally, the equality (j38p follows from Corollarv I A. 2 71 and the following isomorphisms of Rg C*- 
algebras, which can be established by merely using the properties of the real Clifford algebras 

(see my- 

(ai,do,i)^(ai,do,i) = (a2, c/0,2) 

(ai,do,i)0(ai,c/i,o) = (a2, c/0,2) 

(C/i,c/i,o)0(ai,c/i,o) ^ (C/2,c/2,o). 
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□ 

We summarize all the preceding discussions by the following result. 

Definition and Proposition A. 29. Denote by %o, the Rg elementary C*-algebra {%ev, Adj,,), 
where Jjr is the anti-unitary of degree on 'K defined by {x,y) i — > {x,y) ("~" is the complex 
conjugation with respect to an arbitrary orthonormal basis of "K). Then JCq is of type [0; 0, +]. 

Say that two Rg elementary C*-algebras A and B are stably isomorphic if A^%q = B<Si%o, 
as Rg C*-algebras. 

Stable isomorphism classes of Rg elementary C*-algebras form an abelian group of order 8 
under Rg tensor products, denoted by BrR(*), and called the Rg Brauer group of the point. The 
unit element of BrR(*) is the element %o. 

Furthermore, elements of BrR(*) are, up to stable isomorphisms, classified by the following 
8-periodic table 



Parity Parity 1 





:= [0;0,+] 


JCi '. — 


[i;0,+] 


%2 


:= [0;l,+] 


3^3 := 




3^4 


:= [0;0,-] 


3^5 := 


[i;0,-] 


"Xq 


:= [0;i,-] 


%7 := 





Table 1. Classification of Rg elementary C*-algebras 



Remark A. 30. Under the notations of Table [H we set for all n E N*: 

%n := Xi(g) • • • . 

' V ' 

n— times 

Then 'Xp(^'Xq = %p-\-q, and from the theorem, 3C„ = OCn+s for all n € N. Now, define JC-n as 
the inverse of %n in BrR(*). Then %-n = ^s-n 

Example A. 31. (Cf. [29] )■ One can determine the Real structures of the graded Clifford 
C*-algebras C/„ (recall Example lA.lOp . for n £ N*, in the following way: decompose n into 
a sum p + q, and consider the Real space W''^ 0^ C, with the obvious involution; this latter 
induces a Real structure clp^q on the graded C*-algebra C/„ = C/(]R^''' (E>r C), such that the Real 
part is isomorphic to the graded real Clifford algebra Clp^q. For this reason, we denote the thus 
obtained Real graded C*-algebra by Clp^q. Indeed, for every decomposition n = p + g, it is not 
hard to check that Clp^q is a Rg elementary C*-algebra of type q—p mod 8 (see for instance [8j). 
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